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PROTOADDITIVE FUNCTORS, DERIVED TORSION THEORIES
AND HOMOLOGY
TOMAS EVERAERT AND MARINO GRAN
Abstract. Protoadditive functors are designed to replace additive functors in
a non-abelian setting. Their properties are studied, in particular in relationship
with torsion theories, Galois theory, homology and factorisation systems. It
is shown how a protoadditive torsion-free reflector induces a chain of derived
torsion theories in the categories of higher extensions, similar to the Galois
structures of higher central extensions previously considered in semi-abelian
homological algebra. Such higher central extensions are also studied, with re-
spect to Birkhoff subcategories whose reflector is protoadditive or, more gen-
erally, factors through a protoadditive reflector. In this way we obtain simple
descriptions of the non-abelian derived functors of the reflectors via higher
Hopf formulae. Various examples are considered in the categories of groups,
compact groups, internal groupoids in a semi-abelian category, and other ones.
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Keywords: protoadditive functor, semi-abelian category, torsion theory, Galois
theory, homology, factorisation system.
Introduction
In recent years, the theory of semi-abelian categories [44] has become a central
subject in categorical algebra. Semi-abelian categories allow for a conceptual and
unified treatment of the theories of groups, rings, algebras, and similar non-abelian
structures, just like, say, abelian categories are suitable for the study of abelian
groups and modules, or toposes for investigating the category of sets and categories
of sheaves.
As explained in [44], the formulation of the notion of semi-abelian category can
be seen as an appropriate solution to an old problem S. Mac Lane mentioned in his
classical article [48], which, in fact, led to the introduction of the notion of abelian
category a few years later [19].
With the introduction of any mathematical structure naturally comes the ques-
tion of defining a suitable notion of morphism. The meaning of “suitable” may
of course vary, and depends on the applications one has in mind. For instance,
between toposes one usually considers so-called “geometric morphisms”, but the
notion of “logical morphism” is of importance too. In asking for an appropriate
notion of morphism between semi-abelian categories, we should therefore be more
specific. As their name suggests, semi-abelian categories are a weaker notion than
that of abelian category. Hence, it seems natural to ask if the classical notion of
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additive functor can be generalised, in a meaningful way, to the non-additive con-
text of semi-abelian categories. We believe the answer is yes, with the sought-after
notion being that of “protoadditive functor” we introduced in [28], and which we
intend to investigate more extensively in the present article.
Before recalling the definition, it is useful to make some comparative remarks
on abelian and semi-abelian categories. By a well-known theorem of M. Tierney, a
category is abelian if and only if it is both exact (in the sense of Barr [1]) and ad-
ditive. Now, if we ignore some natural (co)completeness assumptions, semi-abelian
categories can be defined as exact categories which are also pointed and protomod-
ular [11]. Accordingly, a semi-abelian category can be seen as what remains of
the notion of abelian category if one replaces “additivity” by the weaker (pointed)
“protomodularity” condition.
As observed by D. Bourn, there is a simple way to express the “difference”
between an additive and a pointed protomodular category. Classically, any split
short exact sequence
(A) 0 // K
ker (f) // A
f
// B
soo // 0
in an additive category A determines a canonical isomorphism A ∼= K⊕B, showing
that any split short exact sequence is given by a biproduct. Since this property
is actually equivalent to the additivity condition, we no longer have that it holds
in an arbitrary pointed protomodular category: for instance, in the semi-abelian
category Grp of groups, split short exact sequences are well known to correspond
to semi-direct products, not to products. Nevertheless, it is still the case in any
pointed protomodular category that A is the supremum of ker (f) : K → A and
s : B → A as subobjects of A: A ∼= K ∨ B. In fact, we have that the following
stronger property holds in a pointed category if and only if it is protomodular: for
every split short exact sequence (A), ker (f) and s are jointly extremal epic (rather
than just jointly epic).
Now recall that a functor between additive categories is additive if and only if
it preserves (binary) biproducts. Taking into account the correspondence between
biproducts and split short exact sequences in an additive category, as well as the
above comparison between additive and pointed protomodular categories, it seems
natural to call protoadditive [28] any functor between pointed protomodular cat-
egories that preserves split short exact sequences. Then, of course, for a functor
between additive categories, being protoadditive is the same thing as being addit-
ive, but there are many examples of interest beyond the additive context, as we
shall see in this article.
This choice of definition is also motivated by the following reformulation. For a
finitely complete category A, write Pt(A) for the category of “points” in A: split
epimorphisms with a given splitting. Pt(A) is fibred over A via the codomain func-
tor Pt(A)→ A, the so-called “fibration of points” [11, 12], the cartesian morphisms
being pullbacks along split epimorphisms. This fibration has been intensively stud-
ied during the past twenty years, mainly in connection to its strong classification
properties in algebra (see [4], for instance, and references therein). In particular,
a category is protomodular if and only if the change of base functors of the fibra-
tion of points reflect isomorphisms. Now, it turns out that if a zero preserving
functor F : A → B between pointed protomodular categories is protoadditive then
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it preserves at once arbitrary pullbacks along split epimorphisms (and not only of
morphisms from the zero-object). In other words, we have that F is protoadditive
if and only if the induced functor Pt(A) → Pt(B) between the categories of points
preserves cartesian morphisms, i.e. if it is a morphism of fibrations.
The validity of the classical homological diagram lemmas, such as the five lemma
or the snake lemma, make semi-abelian categories particularly suitable for a gener-
alised treatment of non-abelian (co)homology theories. Given, moreover, that the
main domain of application of abelian categories and additive functors is homo-
logical algebra, it is then natural to investigate the role of protoadditive functors
in semi-abelian homological algebra. We started this investigation in [28] and will
continue it in the present article.
Recall that, for any Birkhoff subcategory B (= a reflective subcategory closed
under subobjects and regular quotients) of a semi-abelian monadic category A,
the Barr-Beck derived functors of the reflector I : A → B can be described via
generalised Hopf formulae [30]. These “formulae” were defined with respect to
a certain chain of “higher dimensional Galois structures” naturally induced by
the reflection. If A is abelian, then the case where I is additive is of particular
importance, as in this case we obtain classical abelian derived functors. Also for a
semi-abelian category A, the case of a protoadditive I is of interest, since in this
case the Hopf formulae take a simplified shape.
In the present article, among other things, we shall be interested in extending the
work of [28] in two directions: on the one hand, we shall consider reflections F : A →
F where A need not be semi-abelian, but only homological and such that every
regular epimorphism is an effective descent morphism, and where F is a torsion-
free subcategory of A (not necessarily Birkhoff) with protoadditive reflector F . We
prove that such type of reflections also induce a similar chain of higher dimensional
Galois structures along with what we call derived torsion theories. This shows, in
particular, that protoadditivity is of interest also for functors between homological
categories (not necessarily semi-abelian). On the other hand, we shall consider
Birkhoff subcategories of semi-abelian categories whose reflector may itself not be
protoadditive but only factors through a protoadditive reflector. Here, once again
we shall obtain a simplified description of the derived functors via the associated
Hopf formulae.
To give a simple illustration of this, consider the reflection
(B) Grp(HComp) ⊥
I //
Grp(Prof),
V
oo
where Grp(HComp) is the category of compact (Hausdorff) groups, Grp(Prof) the
category of profinite groups, V the inclusion and I the functor sending a compact
group G to the quotient I(G) = G/Γ0(G) of G by the connected component Γ0(G)
of the neutral element in G. It is well known that Grp(HComp) is a semi-abelian cat-
egory with enough projectives, and the functor I can be shown to be protoadditive
(see Example 2.14.4). We can then consider a double presentation
F //

F/K1

F/K2 // G
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of a compact group G, in the sense that K1 and K2 are closed normal subgroups of
a free compact group F with the property that both F/K1 and F/K2 are also free,
and the square is a pushout. Then the third homology group of G corresponding
to the reflection (B) (i.e. with coefficients in the functor I) is given by the formula
H3(G,Grp(Prof)) =
K1 ∩K2 ∩ (Γ0(F ))
Γ0(K1 ∩K2)
,
which is therefore independent of the chosen double presentation. By choosing a
different reflective subcategory of Grp(HComp), for instance the category Ab(Prof)
of profinite abelian groups, we get the composite reflection
Grp(HComp) ⊥
ab //
Ab(HComp)
U
oo ⊥
I //
Ab(Prof),
V
oo
where ab : Grp(HComp)→ Ab(Prof) is the abelianisation functor, and I the (addit-
ive) restriction of the functor I in (B). The results in the present article imply in
particular that the corresponding homology group of G is given by
H3(G,Ab(Prof)) =
K1 ∩K2 ∩ ([F, F ] · Γ0(F ))
[K1,K2] · [K1 ∩K2, F ] · Γ0(K1 ∩K2)
,
where the symbol · denotes the product of normal subgroups, and [., .] is the topo-
logical closure of the commutator subgroup [., .]. Similar formulas are obtained for
the n-th homology group Hn(G,Ab(Prof)) of G, for any n ≥ 2. The same method
applies to many other reflections, some of which are studied in the present article.
This provides us with another motivation for studying protoadditive functors: their
usefulness to “compute” the homology objects explicitely in a variety of situations.
Let us then give a brief overview of the different sections of the article.
Structure of the article. The first section is preliminary: we recall some defin-
itions and results—concerning torsion theories, categorical Galois theory and re-
flective factorisation systems—needed in the text.
Section 2 is mainly devoted to proving alternative characterisations of the pro-
toadditivity condition in various situations. In particular, we show that the pro-
toadditivity of a torsion-free reflector can be detected from a hereditariness con-
dition of the corresponding torsion subcategory (Theorem 2.6). Several examples
of protoadditive reflectors are examined, and some counter-examples considered,
which show the independence from other important types of reflections (such as
semi-left-exact, admissible or Barr-exact reflections).
In Section 3 we study torsion theories in homological categories whose torsion-
free reflector is protoadditive. We prove that an effective descent morphism is a
normal extension if and only if its kernel is torsion-free (Proposition 3.3). Next, we
establish a bijection between torsion theories satisfying a normality condition (N)
and stable factorisation systems (E,M) having the property that every e ∈ E is a
normal epimorphism (Proposition 3.5). As a consequence of this, we obtain that
every effective descent morphisms f admits a stable “monotone-light” factorisation
f = m ◦ e into a morphism e inverted by the torsion-free reflector followed by
a normal extension m. We conclude in particular that the category of normal
extensions is reflective in the category of effective descent morphisms (Theorem
3.7).
PROTOADDITIVE FUNCTORS, DERIVED TORSION THEORIES AND HOMOLOGY 5
We continue our study of protoadditive torsion-free reflectors in Section 4. It
turns out that the category of normal extensions is not only reflective in the category
of effective descent morphisms, but also torsion-free, and that the reflector is again
protoadditive (Proposition 4.2). We use this result to construct a chain of derived
torsion theories in the categories of so-called higher extensions (Theorem 4.11), by
adopting the axiomatic approach to higher extensions from [27].
Next, in Section 5, we study the normal extensions with respect to a Birkhoff
subcategory of a semi-abelian category, in the situation where the reflector is pro-
toadditive. Similar to the case of torsion theories, we have that an effective descent
morphism is a normal extension if and only if its kernel lies in the Birkhoff sub-
category, but this time the protoadditivity of the reflector is also necessary for this
characterisation of normal extensions to hold whenever the normality condition
(N) (see page 22) is satisfied (Proposition 5.4). A higher dimensional version of
the same result is also proved (Theorem 5.9).
In the last section, we generalise results from the previous sections by character-
ising the normal extensions and higher dimensional normal extensions with respect
to a composite reflection
A ⊥
I //
B
H
oo ⊥
J //
C
G
oo
where A is a semi-abelian category, B a Birkhoff subcategory of A, and C an admiss-
ible (normal epi)-reflective subcategory of B with protoadditive reflector (Theorem
6.4). The admissibility condition on C is satisfied both in the case where C is a
torsion-free subcategory, and where a Birkhoff subcategory of B: either case is
investigated seperately (Proposition 6.5 and Theorems 6.7 and 6.9). Finally, we
apply the results for the latter case in order to obtain simple descriptions of the
non-abelian derived functors of J ◦I via higher Hopf formulae (Corollaries 6.11 and
6.12). We conclude with some new examples in the categories of groups, compact
semi-abelian algebras, and internal groupoids in a semi-abelian category.
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1. Preliminaries
Torsion theories. Torsion theories, although classically defined in abelian cat-
egories, have been studied in more general contexts by various authors (see for
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instance [22], and more recently [16, 23, 3, 46]). Here we recall the definition from
[46], which is essentially Dickson’s definition from [24], except that the category A
is not asked to be abelian, but only pointed.
Note that by a pointed category we mean, as usual, a category A which admits
a zero-object, i.e. an object 0 ∈ A which is both initial and terminal. For any
pair of objects A,B ∈ A, the unique morphism A → B factorising through the
zero-object, will also be denoted by 0. If f : A → B is a morphism in A, we shall
write ker (f) : K[f ]→ A for its kernel (the pullback along f of the unique morphism
0 → B) and coker (f) : B → Cok[f ] for its cokernel (the pushout by f of A → 0),
provided they exist. A short exact sequence in A is given by a composable pair of
morphisms (k, f), as in the diagram
(C) 0 // K
k // A
f //// B // 0,
such that k = ker (f) and f = coker (k). Given such a short exact sequence, we
shall sometimes denote the object B by A/K.
Definition 1.1. Let A be a pointed category. A pair (T ,F) of full and replete
subcategories of A is called a torsion theory in A if the following two conditions
are satisfied:
(1) HomA(T, F ) = {0} for any T ∈ T and F ∈ F ;
(2) for any object A ∈ A there exists a short exact sequence
(D) 0→ T → A→ F → 0
such that T ∈ T and F ∈ F .
T is called the torsion part and F the torsion-free part of the torsion theory
(T ,F). A full and replete subcategory F of a pointed category A is torsion-free
if it is the torsion-free part of some torsion theory in A. Torsion subcategories
are defined dually. The terminology comes from the classical example (Abt.,Abt.f.)
of torsion theory in the variety Ab of abelian groups, where Abt.f. consists of all
torsion-free abelian groups in the usual sense (=abelian groups satisfying, for every
n ≥ 1, the implication nx = 0 ⇒ x = 0), and Abt. consists of all torsion abelian
groups. There are, of course, many more examples of interest, several of which will
be considered below.
A torsion-free subcategory is necessarily a reflective subcategory, while a torsion
subcategory is always coreflective: the reflection and coreflection of an object A
are given by the short exact sequence (D), which is uniquely determined, up to
isomorphism. Such reflections A → F , for which each unit ηA : A → F (A) is
a normal epimorphism (=the cokernel of some morphism) will be called (normal
epi)-reflective. Given a (normal epi)-reflective subcategory of a pointed category,
there are various ways to determine whether or not it is torsion-free. For instance,
this happens when the induced radical is idempotent.
In order to explain what this means, recall that a subfunctor T : A → A of the
identity functor is a radical if, for anyA ∈ A, the canonical subobject tA : T (A)→ A
is a normal monomorphism (=the kernel of some morphism) and T (A/T (A)) = 0
(assuming, in particular, that every tA admits a cokernel). T is idempotent if
T ◦T = T or, more precisely, tT (A) : T (T (A))→ T (A) is an isomorphism, for every
A ∈ A.
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Any radical T : A → A induces a (normal epi)-reflection F : A → F with units
ηA : A → A/T (A). Conversely, given any (normal epi)-reflection F : A → F one
obtains a radical by considering the kernels tA = ker (ηA) : K[ηA] → A, provided
they exist. This bijection restricts to a bijection between torsion theories and
idempotent radicals, as we shall recall in Theorem 1.6.
There are strong connections between torsion theories, admissible Galois struc-
tures in the sense of [39] and reflective factorisation systems in the sense of [22]. We
briefly recall some of these connections in the present section, and refer the reader
to the article [20] and to the book [8] for more details.
Admissible Galois structures. In this subsection, we recall some definitions
from Categorical Galois Theory [38, 39]. We shall restrict ourselves to the special
case where the basic adjunction in the Galois structure is a reflection (as in [42]).
Definition 1.2. A Galois structure Γ = (A,F , F, U, E) on a category A consists of
a full replete reflective subcategory F of A, with inclusion U : F → A and reflector
F : A → F :
(E) A
F //
F ,
U
⊥oo
together with a class E of morphisms in A, such that:
(1) A admits pullbacks along morphisms in E ;
(2) E contains all isomorphisms, is stable under composition and under pull-
backs;
(3) UF (E) ⊂ E .
We shall usually drop the functor U from the notations, since it is a full inclusion.
Often, E is the class of all morphisms in A, in which case the Galois structure
Γ = (A,F , F, E) is called absolute. However, in many of the examples we consider,
E will be a class of effective descent morphisms, whose definition we now recall.
(See [45] for a beautiful introduction to descent theory.)
For an object B ∈ A, we write (A ↓E B) for the full subcategory of the comma
category (A ↓ B) of objects over B, determined by the morphisms in E with
codomain B. Similarly, we write (F ↓E F (B)) for the full subcategory of (F ↓
F (B)) whose objects are in E . For a morphism p : E → B in A, we denote by
p∗ : (A ↓E B)→ (A ↓E E)
the “change of base” functor sending a morphism f : A → B in E to its pullback
p∗(f) : E ×B A→ E along p.
Definition 1.3. A morphism p : E → B ∈ E is a monadic extension when the
functor p∗ is monadic. When E is the class of all morphisms, a monadic extension
will be called an effective descent morphism.
In a variety of universal algebras, an effective descent morphism is the same as
a surjective homomorphism. More generaly, in an exact [1] category, the effective
descent morphisms are precisely the regular epimorphisms. However, this need no
longer be the case in an arbitrary regular [1] category.
Now, let B be an object of A. The reflection (E) induces an adjunction
(F) (A ↓E B)
FB //
(F ↓E F (B)),
UB
⊥oo
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where FB is defined by FB(f) = F (f) for any f ∈ (A ↓E B), and UB(φ) =
η∗B(U(φ)) on any φ ∈ (F ↓E F (B)). This adjunction need not, in general, be a full
reflection, but those Galois structures for which this is the case for every B ∈ A,
play a fundamental role:
Definition 1.4. A Galois structure Γ = (A,F , F, U, E) is admissible when the
functor UB : (F ↓E F (B))→ (A ↓E B) is fully faithful for every B ∈ A.
We shall sometimes say that the reflection F : A → F is “admissible with respect
to E”, when we mean that Γ is admissible.
With respect to a given admissible Galois structure, one studies the following
types of morphisms:
Definition 1.5. Let Γ = (A,F , F, U, E) be an admissible Galois structure. A
morphism f : A→ B in E is called
(1) a trivial extension (or trivial covering) when the canonical commutative
square
A
ηA //
f

F (A)
F (f)

B ηB
// F (B)
is a pullback;
(2) a central extension (or covering) when it is “locally trivial”: there exists
a monadic extension p : E → B with the property that p∗(f) is a trivial
extension;
(3) a normal extension if it is a monadic extension and f∗(f) is a trivial ex-
tension.
Note that, by admissibility, f is a trivial extension if and only if it lies in the
(essential) image of the functor UB.
If we choose A = Gp the variety of groups, F = Ab the subvariety of abelian
groups and F = ab the abelianisation functor, then (Gp,Ab, ab, E) is an admissible
Galois structure for E the class of surjective homomorphisms [39]. Here, the trivial
extensions are precisely the surjective homomorphisms f : A→ B whose restriction
[A,A] → [B,B] to the commutator subgroups is an isomorphism. Central and
normal extensions coincide and are precisely the central extensions in the usual
sense: surjective homomorphisms f : A→ B whose kernel K[f ] lies in the centre of
A. (See [8], for instance, for more details.)
Note that the admissibility can also be expressed as an exactness property of the
reflector: Γ = (A,F , F, U, E) is admissible if and only if the reflector F : A → F
preserves pullbacks of the form
(G)
P

// X
x

A ηA
// F (A)
where X ∈ F , x : X → F (A) lies in E and ηA is the reflection unit. In particular,
in the absolute case (where E is the class of all morphisms) this means that an
admissible Galois structure is the same as a semi-left-exact reflection in the sense
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of [22]: a reflection F : A → F of a category A into a full and replete subcategory
F of A preserving all pullbacks (G) where X ∈ F .
Semi-left-exact reflections were introduced in the study of reflective factorisation
systems. We briefly recall some notions from [22].
Reflective factorisation systems. For morphisms e and m in a category A we
write e ↓ m if for every pair of morphisms (a, b) such that b ◦ e = m ◦ a, there exists
a unique morphism d such that d ◦ e = a and m ◦ d = b:
A
e //
a

B
d
~~
b

C m
// D.
For classes E and M of morphisms in A we put
E
↓ = {m|e ↓ m for all e ∈ E}, M↑ = {e|e ↓ m for all m ∈M}.
By a prefactorisation system on a category A we mean a pair (E,M) of classes
of morphisms in A such that E = M↑ and M = E↓. A factorisation system is a
prefactorisation system (E,M) such that for every morphism f in A there exist
morphisms e ∈ E and m ∈M such that f = m ◦ e.
Any full replete reflective subcategory F of a category A determines a prefact-
orisation system (E,M) on A, where E is the class of morphisms inverted by the
reflector F : A → F and M = E↓. Furthermore, when the reflector F : A → F is
semi-left-exact and A admits pullbacks along every unit ηA : A → F (A) (A ∈ A),
the prefactorisation system (E,M) is a factorisation system and M consists exactly
of the trivial extensions with respect to the corresponding absolute Galois struc-
ture. When A admits arbitrary pullbacks, F : A → F is semi-left-exact if and only
if F preserves pullbacks along morphisms in M. (See [22, 20] for more details.)
When the reflector F : A → F preserves pullbacks of the form (G) where, how-
ever, one no longer assumes that X belongs to F , one says that F has stable units
[22]. This property is equivalent to the units ηA : A→ F (A) (A ∈ A) being stably
in E: the pullback f∗(ηA) along any morphism f : B → F (A) lies in E. Note that
even if F has stable units, the reflective factorisation systems (E,M) need not be
stable (i.e. the class E is pullback stable), in general. In fact, it was shown in [22]
that this only happens when F is a localisation: F preserves arbitrary finite limits.
Restricting E to the class E′ of morphisms e ∈ E that are stably in E and enlarging
M to the classM∗ of central extensions, sometimes (but certainly not always) yields
a new factorisation system (E′,M∗) which is stable by definition. We shall consider
examples of where this is “partially” true in Section 3.
We conclude this section by listing several characterisations of torsion-free sub-
categories in terms of some of the notions recalled above. Most of these are known,
but the equivalence between the semi-left-exactness and the stability of units (under
the given conditions) is new, as far as we know.
Theorem 1.6. For a full replete subcategory F of a finitely complete pointed cat-
egory A with pullback-stable normal epimorphisms, the following conditions are
equivalent:
(1) F is a torsion-free subcategory of A;
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(2) F is a (normal epi)-reflective subcategory of A and the induced radical is
idempotent;
(3) F is a (normal epi)-reflective subcategory of A and the reflector F : A → F
has stable units;
(4) F is a (normal epi)-reflective subcategory of A and the reflector F : A → F
is semi-left-exact (=admissible);
Proof. For the equivalences (1) ⇔ (2) ⇔ (4) see [16, 46]. (3) ⇒ (4) is true by
definition.
We prove that (2) implies (3). Consider, for this, a commutative diagram
P
p2 //
p1

X
x

T (A)
tA
//
t
=={{{{{{{{{{{
A ηA
// F (A)
where the square is a pullback and t = ker (p2). Observe that p2 is necessarily the
cokernel of t. Moreover, since T is idempotent, we have that F (T (A)) = 0. Hence,
by applying the left adjoint F , one gets the commutative diagram
F (P )
F (p2) //
F (p1)

F (X)
F (x)

0
tA
//
F (t)
>>}}}}}}}}}}}}
F (A) F (A)
where F (p2) = coker (F (t)), since obviously F preserves cokernels, so that the
square is a pullback, as desired. 
The above theorem asserts, in particular, that any torsion-free reflection gives
rise to an admissible Galois structure, and suggests to study the central extensions
with respect to a torsion theory. We shall do this in sections 3 and 4 (see also
[20, 36, 35]), and we shall be particularly interested in torsion theories with a
protoadditive reflector.
2. Protoadditive functors
Let A be a pointed category with pullbacks along split epimorphisms. By a split
short exact sequence in A we mean a triple (k, f, s) of morphisms in A, as in the
diagram
(H) 0 // K
k // A
f
// B
soo // 0,
such that k = ker (f) and f ◦ s = 1B (i.e. f is a split epimorphism with splitting s).
A is a protomodular category in the sense of Bourn [11] precisely when the split
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short five lemma holds true in A: given a morphism
0 // K //
κ

A
α

f
// B
soo
β

// 0
0 // K ′ // A′
f ′
// B′
s′oo // 0
of split short exact sequences, if both κ and β are isomorphisms, then so is α. Note
that the protomodularity can be equivalently expressed as the property that the
right-hand square β ◦ f = f ′ ◦ α is a pullback if and only if κ is an isomorphism,
for any morphism of split short exact sequences as above.
The prototypical example of a pointed protomodular category is the variety of
groups. In fact, any pointed variety whose theory contains the group operations
and identities (such as the varieties of rings and of Lie algebras) is protomodular,
and more examples will be considered in what follows.
If a pointed protomodular category A is, moreover, finitely complete, then any
regular epimorphism (=the coequaliser of some pair of morphisms), and in particu-
lar any split epimorphism, is normal [11]. Thus, in particular, any split short exact
sequence is a short exact sequence. Of course, if A is an additive category, then
any split short exact sequence in A is, up to isomorphism, of the form
0 // K
iK // K ⊕B
piB
// B
iBoo // 0
where K ⊕B is the biproduct of K and B, iK and iB are the canonical injections
and piB the canonical projection, and the split short five lemma becomes a triviality.
Hence, any additive category is pointed protomodular. Moreover, a functor between
additive categories is additive (that is, it preserves binary biproducts) if and only
if it preserves split short exact sequences. We claim that the latter property is still
meaningful in a non-additive context. This brings us to the central notion of this
article:
Definition 2.1. [28] A functor F : A → F between pointed protomodular categor-
ies A and F is protoadditive if it preserves split short exact sequences: for any split
short exact sequence (H) in A, the image
0 // F (K)
F (k) // F (A)
F (f)
// F (B)
F (s)oo // 0
by F is a split short exact sequence in F .
Note that a protoadditive functor necessarily preserves the zero object. Moreover,
the preservation of split short exact sequences implies at once the preservation of
arbitrary pullbacks along split epimorphisms:
Proposition 2.2. A zero-preserving functor F : A → F between pointed protomod-
ular categories A and F is protoadditive if and only if it preserves pullbacks along
split epimorphisms.
Proof. Clearly, F is protoadditive as soon as it preserves pullbacks along split epi-
morphisms as well as the zero object.
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Now assume that F is protoadditive. Given a pullback
A×B E
piE
//
piA

E
p

oo
A
f
// B
oo
along a split epimorphism f , the restriction piA : K[piE ] → K[f ] of piA is an iso-
morphism. By applying the functor F , one gets a morphism
0 // F (K[piE ])
F (piA)

F (ker (piE)) // F (E ×B A)
F (piE)
//
F (piA)

F (E)
oo
F (p)

// 0
0 // F (K[f ])
F (ker (f))
// F (A)
F (f)
// F (B)
oo // 0
of split short exact sequences in F , where the left hand vertical arrow F (piA) is an
isomorphism. The right hand square is then a pullback by protomodularity. 
A pointed protomodular category is called homological [4] if it is also regular
[1]: finitely complete with stable regular epi-mono factorisations. A semi-abelian
category [44] is a pointed protomodular category A with binary coproducts which
is, moreover, exact [1]: regular and every equivalence relation in A is effective (=the
kernel pair of some morphism).
Since any variety of universal algebras is exact, any pointed protomodular vari-
ety is semi-abelian. The category of topological groups provides an example of a
homological category which is not semi-abelian, as opposed to its full subcategory
of compact Hausdorff groups, which is semi-abelian. In fact, in the latter two
examples, we could replace the theory of groups with any semi-abelian algebraic
theory, i.e. a Lawvere theory T such that the category SetT of T-models in the
category Set of sets is a semi-abelian category. It was shown in [17] that a theory is
semi-abelian precisely when it contains a unique constant, written 0, binary terms
αi(x, y) (for i ∈ {1, . . . , n} and a natural number n ≥ 1) and an (n+1)-ary term β
subject to the identities
αi(x, x) = 0 and β(α1(x, y), . . . , αn(x, y), y) = x.
In [5] it was proved, for any semi-abelian theory T, that the category TopT of
topological T-algebras (=T-models in the category Top of topological spaces) is ho-
mological, and that the full subcategory HCompT of compact Hausdorff topological
T-algebras is semi-abelian (in fact, a semi-abelian category monadic over Set).
Diagram lemmas such as the (short) five lemma, the 3× 3 lemma and the snake
lemma, which are well known to hold in the abelian context, are also valid in any
homological category [13, 4]. The 3× 3 lemma immediately gives us the following:
Proposition 2.3. Let A be a homological category and F : A → F the reflector into
a full replete (normal epi)-reflective subcategory F of A. Then F is protoadditive
if and only if the corresponding radical T : A → A is protoadditive.
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For a homological category A, and a full replete (normal epi)-reflective subcat-
egory F of A, the protoadditivity of the reflector F : A → F can also be formulated
as the preservation of a certain class of monomorphisms.
Definition 2.4. [9] A protosplit monomorphism in a pointed protomodular cat-
egory A is a normal monomorphism k : K → A that is the kernel of a split epi-
morphism.
In other words, protosplit monomorphisms are the monomorphisms k appearing
in split short exact sequences of the form (H).
Proposition 2.5. Let A be a homological category and F : A → F the reflector
into a full replete (normal epi)-reflective subcategory F of A. Then the following
conditions are equivalent:
(1) F : A → F is a protoadditive functor;
(2) F : A → F sends protosplit monomorphisms to normal monomorphisms;
(3) F : A → F sends protosplit monomorphisms to monomorphisms.
Proof. The implications (1) ⇒ (2) ⇒ (3) are trivial, and we have that (2) implies
(1) since, for a split short exact sequence (H), if F (k) is a normal monomorphism,
it is necessarily the kernel of its cokernel, and the latter is F (f), since F preserves
colimits. Note that for these implications the regularity of A is irrelevant, as is the
assumption that the reflection units ηA : A→ F (A) are normal epimorphisms.
Let us then prove the implication (3)⇒ (1). For this, we consider a split short
exact sequence (H). It induces the diagram
0 // K
k //
ηK

A
ηA

f
// B
ηB

soo //

0
F (K)
F (k)
// F (A)
F (f)
// F (B)
F (s)oo // 0
in A where the vertical morphisms are the reflection units. By assumption, F (k)
is a monomorphism. Moreover, since any homological category is regular Mal’tsev
(see [12]), the right hand square of regular epimorphisms is a regular pushout or
double extension (by Proposition 3.2 in [14]), which means that also the induced
morphism (ηA, f) : A → F (A) ×F (B) B to the pullback of F (f) along ηB is a
regular epimorphism. Hence, by regularity of A, so is the restriction of ηA to
the kernels K → K[F (f)], since this is a pullback of (ηA, f). It follows that also
the induced morphism F (K) → K[F (f)] is a regular epimorphism. As it is also a
monomorphism—since F (k) is a monomorphism—it is then an isomorphism. Hence
F (k) is the kernel of F (f) in the category A. Since the inclusion F → A reflects
limits, F (k) is the kernel of F (f) in F , and we can conclude that the functor
F : A → F is indeed protoadditive. 
Let us now consider torsion theories (T ,F) whose reflector F : A → F is pro-
toadditive. First of all, we show how the protoadditivity of F can be detected from
the torsion subcategory T , when A is homological.
A subcategory T of a category A is calledM-hereditary, forM a class of mono-
morphisms in A, if for any m : A→ B in M, B ∈ T implies that A ∈ T . When M
is the class of all monomorphisms, T is simply called hereditary. A torsion theory
(T ,F) is (M-)hereditary if its torsion part T is so.
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Theorem 2.6. For a torsion theory (T ,F) in a homological category A, the fol-
lowing conditions are equivalent:
(1) the torsion subcategory T is M-hereditary, for M the class of protosplit
monomorphisms;
(2) the reflector F : A → F is protoadditive.
Proof. The implication (1) ⇒ (2) follows from Proposition 2.3, since for any M-
hereditary torsion theory (T ,F) in A, the image
0 // T (K)
T (k) // T (A)
T (f)
// T (B)
T (s)oo // 0.
by the corresponding radical T : A → A of any split short exact sequence (H) in A
is again a split short exact sequence. Indeed, the coreflector T : A → T certainly
preserves kernels (as any right adjoint), and the fact that T is closed in A under
protosplit monomorphisms implies that T (k) : T (K) → T (A) is still the kernel of
T (f) in the category A.
For the implication (2) ⇒ (1), assume that F : A → F is protoadditive. Then,
if k : K → A is a protosplit monomorphism such that A lies in the corresponding
torsion subcategory T , then K lies in T as well: indeed, by applying the functor F
to k we obtain the morphism F (k) : F (K)→ F (A) which is a monomorphism since
F is protoadditive, so that F (A) = 0 implies that F (K) = 0, hence K ∈ T . 
Recall that a subcategory F of a pointed category A is closed under extensions if
for any short exact sequence (C) in A, the object A ∈ F as soon as bothK ∈ F and
B ∈ F . It is well known that a full replete (normal epi)-reflective subcategory F
of an abelian category A is torsion-free if and only if it is closed under extensions.
While the “only if” part is still valid in arbitrary pointed categories A, this is
no longer the case for the “if” part (see [46]). However, it turns out that both
implications hold when the reflector F : A → F is protoadditive and A is either
a semi-abelian category or a category of topological semi-abelian algebras, as we
shall see below. Moreover, a full replete reflective subcategory F of a pointed
protomodular category A with protoadditive reflector F : A → F is always closed
under split extensions, even if it is not torsion-free. This means that for any split
short exact sequence (H) in A, the object A lies in F as soon as K ∈ F and B ∈ F :
Proposition 2.7. Any full replete reflective subcategory F of a pointed protomod-
ular category A with protoadditive reflector F : A → F is closed under split exten-
sions in A.
Proof. If (H) is a split extension in A with K,B ∈ F , then the split short five
lemma applied to the commutative diagram
0 // K
ηK
k // A
ηA

f
// B
ηB
soo // 0
0 // F (K)
F (k) // F (A)
F (f)
// F (B)
F (s)oo // 0
of exact sequences in A shows that the reflection unit ηA is an isomorphism. Hence,
A belongs to F . 
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Remark 2.8. Closedness under split extensions is not a sufficient condition for
F : A → F to be protoadditive. For instance, the quasivariety Gpt.f. of torsion-free
groups (=groups satisfying, for every n ≥ 1, the implication xn = 1 ⇒ x = 1) is
closed under (split) extensions in the variety Gp of groups, since it is a torsion-free
subcategory of Gp, but the reflector Gp→ Gpt.f. is not protoadditive (see Example
2.15.1).
Now let A be a pointed category and F a full replete (normal epi)-reflective
subcategory of A. As remarked above, closedness under extensions is necessary
but not sufficient for F to be torsion-free. However, by the Corollary in [46],
when A is homological, the two conditions are equivalent as soon as the composite
tA ◦ tT (A) : T (T (A)) → A is a normal monomorphism, for any A ∈ A (here, as
before, tA : T (A)→ A denotes the coreflection counit). It turns out that the latter
property is always satisfied if A is semi-abelian and F : A → F is protoadditive:
Lemma 2.9. Let F be a full replete (normal epi)-reflective subcategory of a semi-
abelian category A with protoadditive reflector F : A → F . Then, for any normal
monomorphism k : K → A, the monomorphism k ◦ tK : T (K)→ A is normal.
Proof. Let (R, pi1, pi2) be the equivalence relation on A corresponding to the normal
subobject k : K → A, so that k = pi2 ◦ ker (pi1). One then forms the diagram
T (K)
tK

T (ker (pi1))// T (R)
tR

T (pi1) //
T (pi2)
// T (A)
tA

K
ker (pi1)
// R
pi1 //
pi2
// A
which is obtained by applying the radical T corresponding to the reflector F to the
lower row. One observes that the left-hand square is a pullback, due to the fact that
T (ker (pi1)) is the kernel of T (pi1) (by Proposition 2.3) and tA is a monomorphism.
It follows that the composite ker (pi1) ◦ tK is a normal monomorphism, as an inter-
section of normal monomorphisms. Finally, the arrow pi2 ◦ ker (pi1) ◦ tK = k ◦ tK is
a normal monomorphism, as it is the regular image along the regular epimorphism
pi2 of the normal monomorphism ker (pi1) ◦ tK . 
Hence, the Corollary in [46] gives us:
Proposition 2.10. Let A be a semi-abelian category and F : A → F a protoadditive
reflector into a full replete (normal epi)-reflective subcategory F of A. Then F is
a torsion-free subcategory of A if and only if F is closed in A under extensions.
Remark 2.11. Lemma 2.9, and, consequently, also Proposition 2.10 remain valid
if A = TopT is a category of topological semi-abelian algebras. Indeed, to adapt the
proof of Lemma 2.9 to this situation, it suffices to verify that the monomorphism
pi2 ◦ ker (pi1) ◦ tK is normal. For this, first notice that the underlying morphism of
semi-abelian algebras is normal. To check that it is also normal in the category
of topological semi-abelian algebras, we observe that T (K) carries the induced to-
pology for the inclusion pi2 ◦ ker (pi1) ◦ tK into A. This follows from the fact that
0 × T (K) has the topology induced by R, while R has the topology induced by
A×A.
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Before considering some examples, we investigate the influence of a protoaddit-
ive reflector on the associated (pre)factorisation system. As recalled above, a full
replete reflection F : A → F is a localisation if and only if the class E of morphisms
inverted by F is stable under pullback. In the case of a protoadditive F , we still
have that E is stable under pullback along split epimorphisms, and also the converse
is true if F is semi-left-exact:
Theorem 2.12. Let A be a finitely complete pointed protomodular category, F
a full replete reflective subcategory of A and (E,M) the induced (pre)factorisation
system. Then (1) implies (2):
(1) F : A → F is protoadditive;
(2) the class E is stable under pullback along split epimorphisms.
If, moreover, the reflector F : A → F is semi-left-exact, then the two conditions are
equivalent.
Proof. First of all note that F is pointed and protomodular as a full reflective
subcategory of A. Since a protoadditive functor between pointed protomodular
categories preserves pullbacks along split epimorphisms (by Proposition 2.2), (1)
implies (2).
Conversely, assume that E is stable under pullback along split epimorphisms and
F is semi-left-exact. Consider morphisms f : A→ B and p : E → B in A, with f a
split epimorphism. Let e ∈ E and m ∈ M be morphisms such that p = m ◦ e. Then
in the diagram
E ×B A //

I ×B A //

A
f

E
OO
e
// I
OO
m
// B
OO
the left hand pullback is preserved by F by assumption, and the right hand pull-
back because F is semi-left-exact (which implies that F preserves pullbacks along
morphisms in M). Thus F is protoadditive. 
Remark 2.13. Notice that we could have taken the object E in the above proof
to be zero. Hence, one could replace the condition (2) with the apparently weaker
condition: (2′) if 0 → B is in E, any kernel of a split epimorphism with codomain
B is in E.
Examples 2.14. (1) Any reflector into a full reflective subcategory of an ad-
ditive category is additive, hence protoadditive.
(2) Let CRng be the semi-abelian variety of commutative but not necessarily
unitary rings. Write RedCRng for the quasivariety of reduced commutat-
ive rings (namely those ones satisfying, for every n ≥ 1, the implication
xn = 0 ⇒ x = 0) and NilCRng for the full subcategory of CRng consisting
of nilpotent commutative rings. Then (NilCRng,RedCRng) is a hereditary
torsion-theory in CRng, so that, by Theorem 2.6, the reflector F
CRng
F //
RedCRng
U
⊥oo
is protoadditive.
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(3) Let A be an arbitrary semi-abelian category and Gpd(A) the category of
(internal) groupoids in A, which is again semi-abelian. Recall (e.g. from
[49]) that an (internal) groupoid A = (A1, A0,m, d, c, i) in A is a diagram
in A of the form
A1 ×A0 A1
m // A1
d //
c
// A0,
ioo
where A0 represents the “object of objects”, A1 the “object of arrows”,
A1 ×A0 A1 the “object of composable arrows”, d the “domain”, c the
“codomain”, i the “identity”, and m the “composition”. Of course, these
morphisms have to satisfy the usual commutativity conditions expressing,
internally, the fact that A is a groupoid.
There is an adjunction
Gpd(A)
pi0 //
A
D
⊥oo
where D is the functor associating, with any object A0 ∈ A, the discrete
equivalence relation on A0, and pi0 is the connected component functor.
This functor pi0 sends a groupoid A as above to the object pi0(A) in A given
by the coequalizer of d and c or, equivalently, by the quotient A0/Γ0(A),
where Γ0(A) is the connected component of 0 in A. It was proved in [28]
that the functor pi0 is protoadditive.
(4) Let T be a semi-abelian algebraic theory. As mentioned above, T contains
a unique constant 0, binary terms αi(x, y) (for i ∈ {1, . . . , n} and some
natural number n ≥ 1) and an (n+ 1)-ary term β subject to the identities
αi(x, x) = 0 and β(α1(x, y), . . . , αn(x, y), y) = x.
Consider the semi-abelian category HCompT of compact Hausdorff topolo-
gical T-algebras (compact T-algebras for short) and TotDisT its full subcat-
egory of compact and totally disconnected T-algebras. It was shown in [5]
that TotDisT is a (normal epi)-reflective subcategory of HCompT, where the
reflector I
HCompT
I //
TotDisT⊥oo
sends a compact algebra A to the quotient A/Γ0(A) of A by the connected
component Γ0(A) of 0 in A. From [16] we know that TotDis
T is, moreover, a
torsion-free subcategory of HCompT with corresponding torsion subcategory
the category ConnCompT of connected compact T-algebras.
We claim that I is protoadditive. By Theorem 2.6, it suffices to prove
that ConnCompT isM-hereditary, forM the class of protosplit monomorph-
isms. For this purpose we consider a split short exact sequence
0 // K
k // A
f
// B
soo // 0
in HCompT and suppose that A is connected. Notice that the binary term
σ(x, y) = β(α1(x, y), . . . , αn(x, y), 0)
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is a subtraction [52], i.e. we have that σ(x, x) = 0 and σ(x, 0) = x. It
follows that sending an element a ∈ A to the element σ(a, s(f(a))) defines
a continuous map g : A → K such that g ◦ k = 1K . In particular, g is
surjective, and K is connected as a continuous image of the connected
space A.
(5) Now consider the category TopT of topological T-algebras and its full sub-
category HausT of Hausdorff T-algebras, still for a semi-abelian theory T.
It was shown in [5] that HausT is a (normal epi)-reflective subcategory of
TopT where the reflector I
TopT
I //
HausT⊥oo
sends a topological semi-abelian algebra A to the quotient A/{0} of A by
the closure {0} in A of the trivial subalgebra {0}. From [16] we know that
HausT is, moreover, a torsion-free subcategory of TopT, with corresponding
torsion subcategory the category IndT of indiscrete T-algebras, and that
(IndT,HausT) is quasi-hereditary [36]: M-hereditary for M the class of
regular monomorphisms. Since any protosplit monomorphism is regular,
we conclude via Theorem 2.6 that I is protoadditive.
(6) Abelianisation functors are usually not protoadditive (see the last para-
graph in Example 2.15.1, for instance). However, here is a nontrivial ex-
ample of one that is protoadditive. Let Rng∗ be the semi-abelian variety of
(not necessarily unital) rings satisfying the identity xyxy = xy. The abelian
objects in Rng∗ are the 0-rings: rings satisfying the identity xy = 0. The
reflector ab : Rng∗ → 0-Rng in the adjunction
Rng∗
ab //
0-Rng⊥oo
sends a ring A in Rng∗ to the quotient ab(A) = A/[A,A] of A by the
ideal [A,A] = {
∑
i aia
′
i | ai ∈ A, a
′
i ∈ A} consisting of all (finite) sums of
products of elements in A. We claim that the functor ab is protoadditive.
By Proposition 2.3, it suffices to prove that the corresponding radical T =
[·, ·] : Rng∗ → Rng∗ is protoadditive. To this end, we consider a split short
exact sequence
0 // K // A
f
// B
soo // 0
in Rng∗ and the restriction induced by the radical T in Rng∗:
T (K) // T (A)
T (f)
// T (B).
T (s)oo
We shall prove that T (K) = K[T (f)], which will imply that the lower
sequence is exact. Let a =
∑
i aia
′
i be an element of T (A) such that
T (f(a)) = f(a) = 0. We have to prove that a ∈ T (K). But any element
ai ∈ A can be written as ai = ki + s(bi) for some ki ∈ K and bi ∈ B and,
similarly, a′i = k
′
i + s(b
′
i). Notice that f(a) = 0 implies that
∑
i bib
′
i = 0.
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Hence, using the identity xyxy = xy we find that
a =
∑
i
kik
′
i + s(bi)k
′
i + s(b
′
i)ki + bib
′
i
=
∑
i
kik
′
i + s(bi)k
′
i + s(b
′
i)ki
=
∑
i
kik
′
i + (s(bi)k
′
i)(s(bi)k
′
i) + (s(b
′
i)ki)(s(b
′
i)ki).
Since K is a two-sided ideal of A, this shows that a ∈ T (K).
Notice also that the identity xyxy = xy implies that the radical T is
idempotent so that 0-Rng is a torsion-free subcategory of Rng∗ by The-
orem 1.6.
We conclude this section with some (counter)examples, to show the independ-
ence of the notions of protoadditivity, admissibility, semi-left-exactness and Barr-
exactness (=the preservation of kernel pairs of regular epimorphisms), for a (normal
epi)-reflector to a full subcategory.
Examples 2.15. (1) A torsion-free reflector which is not protoadditive. Con-
sider the category Gp of groups and the subquasivariety Gpt.f. of torsion-free
groups (=groups satisfying, for all n ≥ 1, the implication xn = 1⇒ x = 1).
Gpt.f. is easily seen to be a torsion-free subcategory of Gp with correspond-
ing torsion subcategory consisting of all groups generated by elements of
finite order. However, the reflector F : Gp → Gpt.f. is not protoadditive.
To see this, we shall give an example already considered in [35] for a dif-
ferent purpose. Consider the infinite dihedral group C2 ⋉ Z, where the
action of C2 = {1, c} on the group of integers Z is given by c · z = −z and
1 · z = z, ∀z ∈ Z. The canonical injections of Z and C2 and the projection
on C2 determine a split short exact sequence
0 // Z // C2 ⋉ Z // C2
oo // 0
which is not preserved by F , since its image by F is
Z
// 0 // 0
oo // 0.
Observe that this same split short exact sequence can be used to show
that the abelianisation functor ab : Gp → Ab is not protoadditive: while
both Z and C2 are abelian groups, C2 ⋉ Z is not, and one concludes via
Proposition 2.7.
(2) A protoadditive reflector which is not admissible. Consider the variety Ab
of abelian groups and the quasivariety F of abelian groups determined by
the implication (4x = 0 ⇒ 2x = 0). The reflector F : Ab → F is additive,
thus in particular protoadditive. However, F is not admissible (with respect
to surjective homomorphisms). Let Cn denote the cyclic group of order n
(n ≥ 1) and Z the group of integers. Then consider the reflection unit
ηC4 : C4 → F (C4) = C2 and the surjective homomorphism Z → C2 in F ,
and note that their pullback (the left hand square below) is sent to the
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right hand square below, which is not a pullback:
C4 ×C2 Z //

C4

C4 ×C2 Z //

C2
Z // C2 Z // C2
(3) A Barr-exact admissible reflector which is not protoadditive. Consider the
variety Rng of nonassociative nonunital rings and its subvariety Boole of
nonassociative Boolean rings, determined by the identity x2 = x. Since
the reflector I : Rng→ Boole sends groupoids to groupoids (by Lemma 5.2)
and Boole is an arithmetical category (which means that every internal
groupoid in Boole is an equivalence relation—see Example 2.9.13 in [4]), I
is Barr-exact. However, I is not protoadditive. To see this, consider the
split short exact sequence
0 // C2
i2 // C2 ⋉ C2
p1
// C2 //
i1oo
0
in Rng, where C2 = Z/2Z, the addition in the ring C2 ⋉ C2 is defined
by (a, b) + (c, d) = (a + c, b + d), the multiplication by (a, b) · (c, d) =
(ac, bc+ bd), and the morphisms i1 and i2 are the canonical injections and
p1 the canonical projection on the first component. While C2 is Boolean,
C2 ⋉ C2 is not, since (1, 1) · (1, 1) = (1, 1 + 1) = (1, 0). Hence, Boole is not
closed in Rng under split extensions, and we conclude via Proposition 2.7
that I is not protoadditive.
(4) A protoadditive torsion-free reflection which is not Barr-exact. The reflector
pi0 : Gpd(A) → A from Example 2.14.3 is not Barr-exact, in general. For
instance, if A = Gp and A is an abelian group, then the diagram
A×A
− //
pi2

pi1

A

A
δ
OO
// 0,
OO
where the the upper horizontal morphism − : A × A → A sends a pair
(a1, a2) to the difference a1−a2, pi1 and pi2 are the product projections and
δ the diagonal morphism, is a regular epimorphism of internal groupoids in
Gp whose kernel pair is not preserved by the functor pi0.
(5) Another example of the same kind is the reflector I : HCompT → TotDisT
from Example 2.14.4: TotDisT is a torsion-free subcategory of HCompT and
I is protoadditive, but not Barr-exact. Indeed, if I were Barr-exact, then it
would preserve short exact sequences (i.e. it would be a protolocalisation in
the sense of [7]) since the kernel of any morphism can be obtained via the
kernel of one of the kernel pair projections (as in the proof of Lemma 2.9),
and this latter kernel is preserved because I is protoadditive. However, the
short exact sequence
0 // {−1, 1} // S1 // S1/{−1, 1} // 0
in the category of compact Hausdorff groups, where S1 is the unit circle
group equipped with the topology induced by the Euclidean topology on
PROTOADDITIVE FUNCTORS, DERIVED TORSION THEORIES AND HOMOLOGY 21
R
2, is not preserved, since both S1 and S1/{−1, 1} are connected while
{−1, 1} is not.
(6) Other examples of this kind are provided by cohereditary (=the torsion-free
part is closed under quotients) torsion theories in the abelian context whose
corresponding reflector is not a localisation.
(7) An additive admissible reflector which is not torsion-free. Consider the
variety Ab of abelian groups, and the Burnside variety B2 of exponent 2:
B2 consists of all abelian groups A such that a+a = 0 for any a ∈ A. Then
the reflector Ab → B2 is additive and admissible (with respect to regular
epimorphisms) [41], but B2 is not a torsion-free subcategory of Ab, since the
induced radical T : Ab→ Ab is not idempotent: for instance, by considering
the cyclic group C4 we see that T (C4) = C2 while T (T (C4)) = T (C2) = 0.
3. Torsion-free subcategories with a protoadditive reflector
In [20] Carboni, Janelidze, Kelly and Pare´ considered for every factorisation sys-
tem (E,M) on a finitely complete category A classes E′ and M∗ of morphisms in A
defined as follows: E′ consists of all morphisms f that are stably in E, i.e. every
pullback of f is in E; while M∗ consists of all morphisms f : A→ B that are locally
in M, this meaning that there exists an effective descent morphism p : E → B for
which the pullback p∗(f) is inM. Thus, if (E,M) is the factorisation system associ-
ated with an admissible (semi-left-exact) reflection, then M∗ consists of all central
extensions with respect to the corresponding absolute Galois structure. While it
is always true that E′ ⊆ (M∗)↑, one does not necessarily have that (E′,M∗) is a
factorisation system. However, this does happen to be the case in a number of
important examples. For instance, when (E,M) is the factorisation system on the
category of compact Hausdorff spaces associated with the reflective subcategory of
totally disconnected spaces: in this case, stabilising E and localising M yields the
Eilenberg and Whyburn monotone-light factorisation for maps of compact Haus-
dorff spaces [26, 53]. Another example given in [20] is that of a hereditary torsion
theory (T ,F) in an abelian category A with the property that every object of A is
the quotient of an object of F . Also in this case the associated factorisation system
(E,M) induces a factorisation system (E′,M∗). In fact, as we shall explain in [29],
this remains true when the category A is merely homological and T is not asked to
be hereditary.
Even if (E′,M∗) fails to be a factorisation system, it might still be “partially” so,
in the sense that A admits “monotone-light” factorisations, but only for morphisms
of a particular class. We shall prove in this section that this is the case for the
class of effective descent morphisms in a homological category A, if (E,M) is the
factorisation system associated with a torsion-free subcategory F whose reflector
F : A → F is protoadditive (and such that condition (N) below is satisfied).
Let A be a homological category, (T ,F) a torsion theory in A with reflector
F : A → F and coreflector T : A → T , (E,M) the associated reflective factorisation
system and (E′,M∗) as defined above. We shall also consider the classes E and
M defined as follows: E is the class of all normal epimorphisms f in A such that
K[f ] ∈ T ; M is the class of all morphisms f in A such that K[f ] ∈ F . As we
shall see, it is always true that E ⊆ M
↑
, and it is “often” the case that (E,M) is
a factorisation system. In the present section, we shall mostly be concerned with
comparing (E′,M∗) with (E,M). In particular, we shall be interested in conditions
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on the torsion theory (T ,F) under which one has for any effective descent morphism
f in A that f ∈ M∗ if and only if f ∈ M.
We shall consider the conditions
(P) the reflection F : A → F is protoadditive;
(N) for any morphism f : A→ B in A, ker (f)◦ tK[f ] : T (K[f ])→ A is a normal
monomorphism.
Remark 3.1. Recall from Section 2 that condition (P ) is satisfied if and only if T
is M-hereditary, for M the class of protosplit monomorphisms in A.
Condition (N) is trivially satisfied if A is an abelian category, and this is also
the case if A is the category of groups: it suffices to observe that the inner auto-
morphisms on A restrict to T (K[f ]), for any f : A→ B.
If A is homological and T is quasi-hereditary in the sense of [36], then (N) is
satisfied, since in this case we have that T (K[f ]) = K[f ]∩ T (A) for any morphism
f : A → B. From Lemma 2.9 and Remark 2.11 we know that if A is either semi-
abelian or a category of topological semi-abelian algebras then (P ) implies (N).
Remark 3.2. When studying the factorisation system associated with an absolute
Galois structure it is natural to consider also the condition
(C) “F covers A”: for any object B ∈ A, there exists an effective descent
morphism E → B such that E ∈ F .
This condition has been considered before by several authors, for instance, in
[20, 43, 35, 36]. Several of the results in this section established under conditions
(N) and (P ) have a corresponding “absolute” formulation where condition (C)
replaces (P ): since this article is mainly concerned with condition (P ) we decided
to leave these developments for another article [29].
We begin with a characterisation of the normal extensions associated with a
torsion theory (T ,F) in a homological category A satisfying condition (P ) (see
also [35, 36]). Let us write ΓF for the induced absolute Galois structure on A.
Proposition 3.3. Assume that (T ,F) satisfies condition (P ). Then for any ef-
fective descent morphism f : A→ B in A the following conditions are equivalent:
(1) f : A→ B is a normal extension with respect to ΓF ;
(2) f : A→ B is a central extension with respect to ΓF ;
(3) K[f ] ∈ F .
Proof. (1)⇒ (2) is true by definition.
(2) ⇒ (3) is well known, but let us recall the argument. Consider the following
diagram (I) in A, where the right hand square is a pullback and p is an effective
descent morphism:
(I) F (P )
F (p∗(f))

P
p∗(f)

ηPoo // A
f

F (E) E p
//
ηE
oo B
If the left hand square is a pullback as well, then
K[F (p∗(f))] ∼= K[p∗(f)] ∼= K[f ]
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and it follows that K[f ] ∈ F , since K[F (p∗(f))] ∈ F as the kernel of the morphism
F (p∗(f)) in F .
(3)⇒ (1) Consider an effective descent morphism f : A→ B with K[f ] ∈ F and
its kernel pair (pi1, pi2) : R[f ]→ A. By applying the reflector F : A → F , we obtain
the following commutative diagram of split short exact sequences in A:
0 // K[f ]
ηK[f]
// R[f ]
ηR[f]

pi1
// A
ηA

//oo 0
0 // F (K[f ])
F (k)
// F (R[f ])
F (pi1)
// F (A)
oo // 0.
Since ηK[f ] is an isomorphism, the right hand square is a pullback, and we conclude
that f is a normal extension. 
Next we show that, for every torsion theory (T ,F), one has that E ⊆ M
↑
– or
equivalently M ⊆ E
↓
:
Lemma 3.4. For any pair of morphisms e ∈ E and m ∈ M we have that e ↓ m.
Proof. Consider a commutative square as in the right hand side of the diagram
K[e]
ker (e) //
k

A
e //
a

B
  
b

K[m]
ker (m)
// C m
// D
and assume that e ∈ E andm ∈ M. Since, by assumption, K[e] ∈ T andK[m] ∈ F ,
we see that k is the zero morphism. It follows that also a ◦ ker (e) = ker (m) ◦ k
is zero. Since e was assumed to be a normal epimorphism, it is the cokernel of its
kernel ker (e), and there exists a unique dotted arrow making the diagram commute.
This shows that e ↓ m. 
By further assuming that condition (N) is satisfied, we get a stable factorisation
system:
Proposition 3.5. If (T ,F) satisfies condition (N), then (E,M) is a stable factor-
isation system on A, and (T ,F) is uniquely determined by (E,M). In fact, there
is a bijective correspondence between
(1) the torsion theories in A satisfying condition (N);
(2) the stable factorisation systems (E,M) on A such that every e ∈ E is a
normal epimorphism.
Proof. Suppose that (T ,F) is a torsion theory in A satisfying condition (N). Then
any morphism f : A→ B in A with kernel K factorises as
A
qT (K) // A/T (K)
m // B,
where qT (K) is the cokernel of the composite ker (f)◦tK : T (K)→ A, and tK : T (K)→
K is the coreflection counit. Clearly, qT (K) lies in E, and we also have that m ∈M
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since from the “double quotient” isomorphism theorem (see Theorem 4.3.10 in [4])
it follows that
K[m] = K[coim (m) : A/T (K)→ A/K] = K/T (K) = F (K) ∈ F ,
where coim (m) denotes the normal epi part of the (normal epi)-mono factorisation
of m. Here we used that I[m] = I[f ] = A/K by the uniqueness of the (normal
epi)-mono factorisation of f . Thus we see that (E,M) is a factorisation system since
any morphism of A admits an (E,M)-factorisation and E ⊆M
↑
by Lemma 3.4.
To see that the class E is pullback-stable, it suffices to observe that normal
epimorphisms are pullback-stable in the homological category A, and that pulling
back induces an isomorphism between kernels.
Conversely, given a stable factorisation system (E,M) on A such that every e ∈ E
is a normal epimorphism, we consider the full subcategories T and F of A defined
on objects via
T = {T ∈ A | T → 0 ∈ E}; F = {F ∈ A | F → 0 ∈ M}.
Then HomA(T, F ) = {0} for any T ∈ T and F ∈ F since the assumption that
(E,M) is factorisation system implies, for any morphism T → F , the existence of
the dotted arrow making the following diagram commute:
T //

0

F // 0.
Moreover, if for an object A ∈ A, m ◦ e : A → I → 0 is the (E,M)-factorisation of
the unique morphism A→ 0, then
0 // K[e] // A
e // I // 0
is a short exact sequence with I ∈ F and also K[e] ∈ T , since K[e] → 0 ∈ E as
the pullback of e along the unique morphism 0 → I. We conclude that (T ,F) is
a torsion theory. Note that the radical T : A → A is defined on objects A ∈ A as
T (A) = K[e], where e is the “E-part” of the (E,M)-factorisation of the morphism
A→ 0.
To see that (T ,F) satisfies condition (N), consider a morphism f : A→ B with
(E,M)-factorisation f = m◦ e and kernel K. Let m′ ◦ e′ be the (E,M)-factorisation
of the unique morphism K → 0. Then there is a unique morphism I ′ → I such
that the diagram below—in which the outer rectangle is a pullback—commutes:
K

e′ // I ′
m′ //

0

A e
// I m
// B
The uniqueness of the (E,M)-factorisation of K → 0, together with the pullback-
stability of both classes E and M, imply that the two squares are pullbacks. Con-
sequently, we have that ker (f) ◦ ker (e′) = ker (e) and this is a normal monomorph-
ism, as desired.
Clearly, if (T ,F) is a torsion theory satisfying (N), then (T ,F) coincides with the
torsion theory induced by (E,M). On the other hand, consider a stable factorisation
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system (E,M) on A such that every e ∈ E is a normal epimorphism. Let (T ,F)
be the induced torsion theory and (E,M) the associated factorisation system, and
consider a normal epimorphism e. Then e is the cokernel of its kernel, i.e. the
following square is both a pullback and a pushout:
K[e] //

0

A e
// B
Using that the class E is pullback-stable (by assumption) as well as pushout-stable
(since (E,M) is a factorisation system), we see that
e ∈ E⇔ K[e]→ 0 ∈ E⇔ K[e] ∈ T ⇔ e ∈ E
and it follows that E = E. Since both (E,M) and (E,M) are (pre)factorisation
systems, this implies that (E,M) = (E,M). 
The following observation will be needed:
Lemma 3.6. Given a torsion theory (T ,F) one always has that E ⊆ E′.
Proof. It has already been explained in the proof of Proposition 3.5 that the class
E is pullback-stable. Hence, to prove that E ⊆ E′, it suffices to show that E ⊆
E. Consider, therefore, a normal epimorphism f in A with K[f ] ∈ T . Then f
is the cokernel of its kernel ker (f) and, consequently, F (f) the cokernel (in F)
of F (ker (f)). Since F (K[f ]) = 0 by assumption, this implies that F (f) is an
isomorphism.

We are now ready to prove the what we announced at the beginning of this section
concerning the existence of “monotone-light” factorisations. We write EffDes(A)
(resp. NExtF(A)) for the full subcategory of the arrow category Arr(A) determined
by all effective descent morphisms in A (resp. all normal extensions with respect to
ΓF).
Theorem 3.7. If (T ,F) is a torsion theory in A satisfying conditions (P ) and
(N), then the following properties hold:
(1) NExtF (A) is a reflective subcategory of EffDes(A);
(2) normal extensions are stable under composition;
(3) any effective descent morphism f : A → B factors uniquely (up to iso-
morphism) as a composite f = m ◦ e, where e is stably in E and m is a
normal extension; moreover, this factorisation coincides with the (E,M)-
factorisation of f .
Proof. (1) By Propostion 3.5, the full subcategory of Arr(A) determined by the class
E is reflective in Arr(A): the reflection of a morphism f with (E,M)-factorisation
f = m ◦ e is given by m, with unit e. To see that this reflection restricts to
a reflection EffDes(A) → NExtF (A), it suffices to consider Proposition 3.3 and to
note that effective descent morphisms satisfy the strong right cancellation property.
(2) follows from condition (P ) only: if f : A → B and g : B → C are normal
extensions then g ◦ f is still an effective descent morphism, and there is a short
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exact sequence
0 // K[f ] // K[g ◦ f ] // K[g] // 0
with K[f ] and K[g] torsion-free by Proposition 3.3. Since F is closed under exten-
sions, K[g ◦ f ] is torsion-free as well, so that g ◦ f is a normal extension, again by
Proposition 3.3.
(3) Let f : A → B be an effective descent morphism with (E,M)-factorisation
f = m ◦ e. Then e is stably in E by Lemma 3.6, and it has already been remarked
above in (1) that m is a normal extension. The uniqueness of this factorisation
follows from the fact that E′ ⊆ (M∗)↑. 
Before considering some examples, let us show that the assumption that the
(normal epi)-reflection F : A → F is torsion-free in the above was crucial. Note
that any split epimorphism, and in particular, any morphism A→ 0 is an effective
descent morphism.
Proposition 3.8. Let A be a pointed category and (E,M) the (pre)factorisation
system on A associated with a given reflection F : A → F to a full replete subcat-
egory F . If, for every object A ∈ A, the morphism τ : A→ 0 admits a factorisation
τ = m ◦ e with e ∈ E′ and m ∈M∗, then F has stable units.
Thus, in particular, F has stable units whenever (E′,M∗) is a factorisation sys-
tem.
Proof. Let A be an object of A and τ = m ◦ e the (E′,M∗)-factorisation of the
morphism τ : A → 0, i.e. e ∈ E′ and m ∈ M∗. Remark that τ factorises, alternat-
ively, as in the right hand triangle
A
τ //
e <
<<
< 0 A
τ //
ηA ##
FF
FF
0
I
m
AA
F (A)
<<yyyy
(where ηA : A → F (A) is the reflection unit) and notice that ηA ∈ E and F (A) →
0 ∈ M. If we can prove τ = e ◦ m too is an (E,M)-factorisation, then both
factorisations coincide (up to isomorphism) and it will follow that ηA ∈ E′, as
desired. Since E′ ⊆ E by definition, it will suffice to show that m ∈M.
Since m ∈M∗, there exists in A an effective descent morphism E → 0 such that
the product projection piE : E×I → E lies inM. But this implies that also m ∈M,
since m appears as a pullback of piE in the diagram
I
m

// E × I
piE

// I
m

0 // E // 0.

Examples 3.9. (1) Recall from Example 2.14.3 that any semi-abelian cat-
egory appears, via the discrete equivalence relation functorD : A → Gpd(A),
as a torsion-free subcategory of the category Gpd(A) of internal groupoids
in A. The corresponding torsion subcategory is the category ConnGpd(A)
of connected groupoids (see [28]). The connected components functor
pi0 : Gpd(A) → A is protoadditive, hence condition (N) is satisfied by
Lemma 2.9, since Gpd(A) is semi-abelian.
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We already know from [33, 28] that the normal extensions are precisely
the regular epic discrete fibrations. Here we add that every regular epi-
morphism f : A→ B in Gpd(A) factorises, essentially uniquely, as f = m◦e,
where e is a regular epimorphism with connected kernel and m is a discrete
fibration. Note that since e ↓ n for any n ∈ M, this is in particular true
for any discrete fibration n. One says in this case that e is final, and the
factorisation f = m◦e is the so-called comprehensive factorisation of f (see
[10]).
(2) The torsion theory (ConnCompT,TotDisT) in the category HCompT of com-
pact T-algebras, for T a semi-abelian theory, considered in Example 2.14.4,
satisfies condition (P ), and therefore also (N), since HCompT is semi-
abelian. Hence we obtain that the normal extensions are precisely the
regular epimorphisms (=open surjective homomorphism) with a totally dis-
connected kernel, and any regular epimorphism f of compact T-algebras
factorises as f = m ◦ e, where e is a regular epimorphism with a connected
kernel, and m a normal extension.
If T is the theory of groups, then it is well known that as soon as the
kernel of a continuous homomorphism f : A→ B is connected (respectively,
totally disconnected), then for any element b ∈ B the fibre f−1(b) over b
is connected (respectively, totally disconnected). This remains true for T
an arbitrary semi-abelian theory (see [6]). Consequently, the factorisation
f = m ◦ e of a regular epimorphism of compact T-algebras obtained above
is just the classical monotone-light factorisation of the continuous map f .
(3) Recall from Example 2.14.4 that the pair of categories (IndT,HausT) of in-
discrete semi-abelian algebras and of Hausdorff semi-abelian algebras forms
an M-hereditary torsion theory in the category TopT of topological semi-
abelian algebras, where M is the class of regular monomorphisms. By
Theorem 2.6 it follows that condition (P ) is satisfied, and then also (N)
is satisfied, as observed in Remark 2.11. The effective descent morphisms
in TopT are the open surjective homomorphisms. Accordingly, any open
surjective homomorphism f : A → B factors as f = m ◦ e, where e is an
open surjective homomorphism with an indiscrete kernel, and m is an open
surjective homomorphism with a Hausdorff kernel.
(4) The hereditary torsion theory (NilCRng,RedCRng) in the semi-abelian cat-
egory CRng of commutative rings (Example 2.14.2) satisfies both conditions
(P ) and (N). Consequently, any surjective homomorphism f : A → B in
CRng factors as f = m ◦ e, where e is a surjective homomorphism with a
nilpotent kernel, and m is a normal extension, namely a surjective homo-
morphism with a reduced kernel.
4. Derived torsion theories
In the previous section, a torsion theory (T ,F) in a homological category A
satisfying conditions (P ) and (N) was shown to induce a reflective subcategory
NExtF (A) of normal extensions (with respect to the corresponding absolute Galois
structure ΓF ) in the category of effective descent morphisms EffDes(A). We shall
prove in the present section that NExtF(A) is, in fact, a torsion-free subcategory
of EffDes(A). This implies that NExtF (A) itself determines an admissible Galois
structure ΓNExtF (A). As we shall see, ΓNExtF (A) in its turn gives rise to a torsion
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theory in the category of double extensions, as defined below, whose torsion-free part
consists of those double extensions that are normal with respect to it. Continuing,
we shall obtain a chain of torsion theories in the categories of n-fold extensions
(n ≥ 1)—and, accordingly, also a chain of admissible Galois structures—whose
torsion-free part consists of the n-fold extensions that are normal with respect to
the previous Galois structure in the chain. We shall call these induced torsion
theories derived torsion theories of (T ,F).
The thus obtained chain of Galois structures should be compared to the Galois
structures of so-called “higher central extensions” which have played a central role
in recent developments in non-abelian homological algebra (see, in particular [30]),
and which will be considered in the next sections. It will become clear in what
follows that if the category A is semi-abelian, and the torsion-free subcategory F is
closed in A under regular quotients (in this case one speaks of a cohereditary torsion
theory), then the torsion-free parts of the derived torsion theories are exacty the
categories of higher central extensions.
We begin by proving that any torsion theory (T ,F) in a homological category A
satisfying condition (N) (but not necessarily (P )) induces a chain of torsion theories
(Tn,Fn) in the categories Arr
n(A) (n ≥ 1). These will then be shown to restrict to
the derived torsion theories in the categories of n-fold extensions mentioned above,
when (T ,F) moreover satisfies condition (P ), and every regular epimorphism in A
is an effective descent morphism.
Since, by Proposition 3.5, any torsion theory satisfying condition (N) induces a
stable factorisation system (E,M) such that every e ∈ E is a normal epimorphism,
it is natural to consider the following lemma:
Lemma 4.1. Let A be a pointed category with kernels of normal epimorphisms.
Any stable factorisation system (E,M) on A for which E is contained in the class of
normal epimorphisms induces a torsion theory (TE,FM) in Arr(A). Here FM is the
full subcategory of Arr(A) determined by M, and TE the full subcategory of Arr(A)
consisting of all e ∈ E of the form e : T → 0.
Proof. Let f be a morphism f : A → B in A with (E,M)-factorisation f = m ◦ e.
Since, by assumption, e is a normal epimorphism, the following diagram is a short
exact sequence in Arr(A):
0 // K[e]

// A //
e //
f

C
m

// 0
0 // 0 // B B // 0.
Moreover, the morphismK[e]→ 0 lies in E since it is the pullback of e along 0→ C;
and m lies in M, by assumption.
Now consider a morphism t→ f in Arr(A) with t : T → 0 in E and f : A→ B in
M:
T //
t

A
f

0
>>
// B.
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Since t ↓ f there exists the dotted arrow making the diagram commutative, and it
follows that t→ f is the zero morphism, as desired. We can conclude that (TE,FM)
is a torsion theory in Arr(A). 
Combining Proposition 3.5 with Lemma 4.1, we obtain the following:
Proposition 4.2. Let A be a homological category. Any torsion theory (T ,F) in A
satisfying condition (N) induces a torsion theory (T1,F1) in Arr(A) which again
satisfies (N). Here F1 is the full subcategory of Arr(A) consisting of all morphisms
f with K[f ] ∈ F , and T1 is the full subcategory of Arr(A) of all morphisms T → 0
with T ∈ T .
If (T ,F) satisfies, besides condition (N), also condition (P ), then (T1,F1) sat-
isfies (P ) as well.
Proof. By Proposition 3.5, (T ,F) induces a factorisation system (E,M), which in its
turn gives rise to a torsion theory (T
E
,F
M
), by Lemma 4.1. It follows immediately
from the definitions that (T1,F1) = (TE,FM).
To see that the torsion theory (T1,F1) satisfies condition (N), consider a morph-
ism
A
f //
a

B
b

A′
f ′
// B′.
in Arr(A) with kernel k : K[f ]→ K[f ′]. Then
K[k] = K[a] ∩K[f ] = K
[
(a, f) : A→ A′ ×B
]
so that ker (k) ◦ tK : T (K[k])→ A is a normal monomorphism by condition (N) of
(T ,F). Hence, the induced morphism T1(k) → a is a normal monomorphism in
Arr(A), and it follows that (T1,F1) satisfies condition (N).
Clearly, if the torsion theory (T ,F) isM-hereditary, forM the class of protosplit
monomorphisms (i.e. if it satisfies condition (P )), then so is (T1,F1). 
By repeatedly applying the above proposition, one obtains, for every n ≥ 1, a
torsion theory (Tn,Fn) in the (homological) category Arr
n(A) of n-fold morphisms
in A. We shall write Fn for the reflection Arr
n(A) → Fn, Tn for the coreflection
Arrn(A)→ Tn, ηn for the unit 1Arrn(A) ⇒ Fn and t
n for the counit 1Arrn(A) ⇒ Tn.
Note that an n-fold morphism A in A (for n ≥ 1) determines a commutative
n-dimensional cube in A. We shall sometimes write ai (1 ≤ i ≤ n) for the “initial”
ribs of this cube. We denote by ι the functor A → Arr(A) that sends an object
A ∈ A to the unique morphism A → 0. For n ≥ 1, we write ιn for the composite
functor ι ◦ · · · ◦ ι : A → Arrn(A).
As before, we denote by EffDes(A) the category of effective descent morphisms
in A. If (T ,F) satisfies conditions (P ) and (N), then by Proposition 3.3 (and by
the strong right cancellation property of effective descent morphisms) the reflection
F1 : Arr(A)→ F1 restricts to a reflection EffDes(A)→ NExtF(A), where NExtF (A)
is the category of normal extensions with respect to ΓF . We shall prove below
that this is still a torsion-free reflection and, moreover, that also for n ≥ 2, the
categories Fn restrict to suitably defined torsion-free subcategories NExt
n
F (A) of
the categories of n-fold extensions, of which we now recall the definition.
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If E is a class of morphisms in A, then we shall write E1 for the class of morphisms
in Arr(A) defined as follows: a morphism (f, f ′) : a→ b in Arr(A) lies in E1 if every
morphism in the commutative diagram
A
f
##
a

r
  
P //

B
b

A′
f ′
// B′
lies in E . Here, r is the unique factorisation to the pullback P = A′ ×B′ B.
Remark 4.3. Note that if E is a class of regular epimorphisms in a regular category
A, then any commutative square in A of morphisms in E is a pushout as soon as it
is a pullback. Consequently, any element of E1 is a pushout square. If we choose E
to be the class of all regular epimorphisms in the regular category A, then also the
converse holds—every pushout square of morphisms in E lies in E1—if and only if
A is an exact Mal’tsev category [21] (recall that a Mal’tsev category is one where
every (internal) reflexive relation is an (internal) equivalence relation). Hence, the
converse holds in particular if A is a semi-abelian category.
Let E be a class of morphisms in A. Call E-extensions the elements f ∈ E ,
and write ExtE(A) for the full subcategory of Arr(A) determined by E . Then E
induces a class E1 of double morphisms defined as above, whose elements will be
called double E-extensions. The corresponding full subcategory of Arr2(A) will be
denoted by Ext2E(A). Inductively, E determines, for any n ≥ 1, a class of morphisms
En = (En−1)1 in Arrn(A), the elements of which we call (n + 1)-fold E-extensions.
We write Extn+1E (A) for the corresponding full subcategory of Arr
n+1(A).
Our main interest is in the situation where E is the class of all normal epimorph-
isms in a homological category A in which every normal epimorphism is an effective
descent morphism. We shall usually denote this class by N . In this case, E = N
satisfies the list of conditions below (see [27]). Here we write AE for the full sub-
category of A determined by the objects A ∈ A for which there exists in E at least
one arrow f : A → B or one arrow g : C → A. Note that if E = N , then we have
that AE = A.
Conditions 4.4. On a class E of morphisms in a finitely complete pointed category
A we consider the following conditions:
(1) every f ∈ E is a normal epimorphism;
(2) E contains all isomorphisms in AE , and 0 ∈ AE ;
(3) E is closed under pulling back (in A) along morphisms in AE ;
(4) E is closed under composition, and if a composite g ◦ f of morphisms in AE
is in E , then also g ∈ E ;
(5) E is completely determined by the class of objects AE in the following way:
a normal epimorphism f : A → B is in E if and only if both its domain A
and its kernel K[f ] lie in AE ;
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(6) For any morphism
0 // K //
k

A //
a

B // 0
0 // L // C // B // 0,
of short exact sequences in A, one has: if k ∈ E and a lies in AE , then
a ∈ E .
Remark 4.5. An important consequence of conditions (2) and (4) above is that E
contains all split epimorphisms in AE .
We have the following lemma:
Lemma 4.6. [27] If E is a class of morphisms in a homological category A satisfying
Conditions 4.4, then the class E1 of morphisms in Arr(A) satisfies Conditions 4.4
as well.
Note that we have that (Arr(A))E1 = ExtE(A).
Hence, inductively, for any n ≥ 1, the class En of n-fold E-extensions satisfies
Conditions 4.4 as soon as this is the case for E , and we have that (Arrn(A))En =
ExtnE (A) (where E
0 = E , Ext1E(A) = ExtE(A) and Arr
1(A) = Arr(A)).
Remark 4.7. Condition 4.4.6 is of importance for Lemma 4.6, but shall otherwise
not be needed in what follows.
Let us then show that the torsion theories (Tn,Fn) restrict to torsion theories in
the categories ExtnN (A) (for N the class of all normal epimorphisms in A), where
the torsion-free parts consist of what we shall call n-fold normal extensions. For
this, we consider the following lemmas.
For an (internal) equivalence relation R on an object A in A, we write DiscFib(R)
for the category of discrete fibrations over R, i.e. of morphisms
R′
pi′1 //
pi′2
//
r

A′
a

R
pi1 //
pi2
// A,
of equivalence relations in A into R, such that the commutative square a◦pi′2 = pi2◦r
is a pullback.
Lemma 4.8. Let E be a class of morphisms in a homological category A, satisfying
Conditions 4.4, and let p ∈ E be an effective descent morphism in A. Then p is a
monadic extension (with respect to E) in AE .
Proof. Let p : E → B be an effective descent morphism in A such that p ∈ E . We
first prove that p is then also an effective descent morphism in AE . Since AE is
closed under pullback along p (by Condition 4.4.3), we can apply Corollary 3.9 from
[45]. Thus it suffices to prove that, for any morphism f : A→ B in A such that the
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pullback P = E ×B A lies in AE , one also has that A ∈ AE :
P
f∗(p) //

A
f

E p
// B.
Since the category A is homological and p is a normal epimorphism, f∗(p) is a
normal epimorphism as well. Hence, if we can prove that K[f∗(p)] ∈ AE , it will
follow from Condition 4.4.5 that f∗(p) ∈ E and, in particular, that A ∈ AE . Since
we have that K[f∗(p)] ∼= K[p], it suffices for this to note that K[p] ∈ AE because
p ∈ E .
We have just proved that p is an effective descent morphism in AE . This means
that the functor p∗ : (AE ↓ B) → (AE ↓ E) is monadic or, equivalently (see [45]),
that the functor (AE ↓ B)→ DiscFib(R[p]) which sends a morphism f : A→ B in
AE to the discrete fibration obtained by pulling back f along p and then taking
kernel pairs, pictured as the left hand square in the diagram
R[f∗(p)]
//
//

P
f∗(p) //

A
f

R[p]
//
// E p
// B
is an equivalence of categories. To see that p is a monadic extension, it suffices
now to note that this category equivalence restricts to an equivalence ExtE(B) →
DiscFib(R[p]) ∩ E due to the pullback-stability of the class of extensions E and to
the fact that E has the strong right cancellation property (Conditions 4.4.3 and
4.4.4). 
Lemma 4.9. Let A be a homological category, and E a class of morphisms in A
satisfying Conditions 4.4. If (T ,F) is a torsion theory in A such that for any
object A ∈ AE the reflection unit ηA : A → F (A) lies in E, then the reflection
F : A → F and coreflection T : A → T restrict to functors F : AE → F ∩ AE and
T : AE → T ∩AE , and (T ∩ AE ,F ∩ AE) is a torsion theory in AE .
Furthermore, if f ∈ E is an effective descent morphism in A, then f is a trivial
extension (respectively a normal extension) with respect to ΓF∩AE if and only if f
is a trivial extension (respectively a normal extension) with respect to ΓF .
Proof. Consider, for any A ∈ AE , the associated short exact sequence
0 // T (A) // A
ηA // F (A) // 0.
By assumption, the unit ηA is in E , which implies that both F (A) (by definition of
AE) and T (A) (as the kernel of an extension—by Condition 4.4.3) lie in AE . Since
AE is a full subcategory of A, this implies that the sequence above is a short exact
sequence in AE . Furthermore, for any objects T ∈ T ∩AE and F ∈ F ∩AE we have
that
HomAE (T, F ) = HomA(T, F ) = {0},
so that (T ∩ AE ,F ∩AE ) is indeed a torsion theory in AE .
The latter part of the statement follows readily from Lemma 4.8 and Condition
4.4.3. 
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Lemma 4.10. With the same assumptions as in Lemma 4.9: if (T ,F) satisfies
condition (N) then for any f ∈ E the unit η1f : f → F1(f) lies in E
1.
Proof. By Proposition 4.2, (T1,F1) is a torsion theory in Arr(A), and the unit
η1f : f → F1(f) for any f is given by the commutative square
A
f

qT (K[f])// A/T (K[f ])
F1(f)

B B,
where qT (K[f ]) is the cokernel of the normal monomorphism ker (f) ◦ tK[f ]. Now
suppose that f lies in E . Then its kernel K[f ] must be in AE , which implies that
T (K[f ]) ∈ AE by Lemma 4.9. Consequently, qT (K[f ]) ∈ E , by Condition 4.4.5, and
then also F1(f) ∈ E , by Condition 4.4.4. From this we conclude that η1f ∈ E
1. 
Finally, Lemmas 4.8—4.10 together with Propositions 4.2 and 3.3 give the fol-
lowing. As before, we write N for the class of normal epimorphisms in A.
Theorem 4.11. Let A be a homological category in which every normal epimorph-
ism is an effective descent morphism. Then any torsion theory (T ,F) in A satisfy-
ing conditions (P ) and (N) induces, for any n ≥ 1, a torsion theory (Tn,NExt
n
F(A))
in the category ExtnN (A) of n-fold N -extensions. Here Tn is the replete image of
T by the functor ιn : A → Arrn(A) and NExtnF(A) = Fn ∩ Ext
n
N (A) consists of all
n-fold N -extensions that are normal with respect to ΓNExtn−1
F
(A). Moreover, for any
n ≥ 1, and any n-fold N -extension A, we have that
A ∈ NExtnF(A)⇔
⋂
1≤i≤n
K[ai] ∈ F .
Remark 4.12. For n ≥ 1, and under the conditions of the theorem above, we
call n-fold normal extensions the objects of NExtnF (A) with respect to the Galois
structure ΓF .
Theorem 3.7 together with Lemma 4.9 also imply the following:
Theorem 4.13. With the same assumptions and notations as in Theorem 4.11,
for any n ≥ 0, if (En,Mn) is the factorisation system induced by the reflection
Fn : Ext
n
E(A) → NExt
n
F(A), then any (n + 1)-fold extension f : A → B factors
uniquely (up to isomorphism) as a composite f = m◦e of (n+1)-fold N -extensions,
where e is stably in En and m is an (n+ 1)-fold normal extension.
Proof. If f = m ◦ e is the factorisation in Arrn(A) given by Theorem 3.7, then m
is an (n + 1)-fold N -extension by Lemma 4.9, and e by Condition 4.4.5, since its
kernel, which lies in Tn, is an n-fold N -extension. 
5. Birkhoff subcategories with a protoadditive reflector
Consider a torsion-free subcategory F of a homological category A, and write,
as usual, F for the reflector A → F and T for the associated radical. Assume
that F satisfies conditions (P ) (F is protoadditive) and (N) (for any morphism
f : A → B in A, the induced monomorphism T (K[f ]) → A is normal). In the
previous section, we have explained how F induces a chain of “derived” torsion
theories (Tn,Fn) (n ≥ 1) in the categories Ext
n
N (A) of n-fold N -extensions (for N
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the class of normal epimorphisms in A) where, for each n ≥ 1, Fn consists of all
n-fold N -extensions that are normal with respect to the Galois structure ΓFn−1 . In
a similar manner, in [30], “higher dimensional” Galois structures had been obtained
starting from any Birkhoff subcategory B of a semi-abelian category A. While for
this to work there is no need for the reflector A → B to be protoadditive, the
situation where it is so is of interest and will be studied in the present section.
Recall from [41] that a Birkhoff subcategory of an exact category A is a full
reflective subcategory B of A closed under subobjects and regular quotients; or,
equivalently, a full replete (regular epi)-reflective subcategory B of A, with reflector
I : A → B, such that, for any regular epimorphism f : A → B in A, the canonical
square
(J) A //
f

I(A)
I(f)

B // I(B)
is a pushout. Note that this last condition translates to (J) being a double N -
extension, whenever A is a semi-abelian category—since any semi-abelian category
is exact Mal’tsev (see Remark 4.3).
Example 5.1. By Birkhoff’s theorem characterising equational classes, a full sub-
category B of a variety of universal algebras A is a subvariety if and only if B is
closed in A under subobjects, quotients and products. It follows that a Birkhoff
subcategory of a variety is the same as a subvariety—whence its name. Note that
a Birkhoff subcategory is indeed closed under products—it is, in fact, closed under
arbitrary limits—since it is a reflective subcategory.
We shall be needing the following important property of Birkhoff subcategories,
which was first observed in [34]:
Lemma 5.2. The reflector I : A → B into a Birkhoff subcategory B of a semi-
abelian category A preserves pullbacks of normal epimorphisms along split epi-
morphisms. In particular, I preserves finite products.
Proof. Consider a commutative cube
I(P )

// I(C)

P
=={{{{{{{{
//

C
=={{{{{{{{

I(A) // I(B)
A
=={{{{{{{{
// B
=={{{{{{{{
in A, where the front square is the pullback of a split epimorphism A → B along
a normal epimorphism C → B, and the skew morphisms are the reflection units.
Since B is a Birkhoff subcategory of A, we have that the left and right hand sides
are double N -extensions, so that the cube is a three-fold N -extension as a split
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epimorphism of doubleN -extensions (via Remark 4.5 and Lemma 4.6). This implies
that the induced square
P //

I(P )

A×B C // I(A)×I(B) I(C)
is a doubleN -extension. In particular, it is a pushout, so that the right hand vertical
map is indeed an isomorphism, because the left hand one is so by assumption.
To see that I preserves binary (hence, finite-) products, it suffices to take B = 0
in the above, and note that I(0) = 0 as I preserves the initial object. 
Remark 5.3. Note that for the second part of the lemma above to be true, the
assumption that B is a Birkhoff subcategory can be weakened: it suffices that B
is a (normal epi)-reflective subcategory of A (because a split epimorphism of N -
extensions is always a double N -extension). In fact, as soon as B is a (normal
epi)-reflective subcategory of a homological category A, the reflector I : A → B will
preserve pullbacks of split epimorphisms along split epimorphisms (this even holds
more generally in a regular Mal’tsev category).
Let us, from now on, assume that A is a semi-abelian category. We know from
[41] that any Birkhoff subcategory B of A determines an admissible Galois structure
Γ(B,N ) = (A,B, I,H,N ), where I : A → B is the reflector, H : B → A the inclusion
functor and N the class of all normal epimorphisms in A. We shall write [·]B : A →
A for the associated radical. For A ∈ A, we denote by ηA : A→ I(A) the reflection
unit and by κA : [A]B → A the normal monomorphism ker (ηA).
Note that the normal epimorphisms in A coincide with the regular epimorphisms
because A is protomodular, and the regular epimorphisms with the effective descent
morphisms because A is exact. Since a semi-abelian category is, in particular,
homological, the class N satisfies Conditions 4.4.
Recall from [41] that every central extension with respect to Γ(B,N ) is a normal
extension. The category of normal extensions with respect to Γ(B,N ) is denoted
NExt(B,N )(A). Just as in the case of a torsion theory satisfying Conditions (P )
and (N), we have that NExt(B,N )(A) is a reflective subcategory of the category of
effective descent morphisms in A, and we know from [30] that the reflection I1(f)
in NExt(B,N )(A) of a normal epimorphism f : A → B can be obtained as follows:
I1(f) is the normal epimorphism A/[f ]1,B → B induced by f , where the normal
monomorphism [f ]1,B → A is obtained as the composite κ
1
f = κA ◦ [pi2]B ◦ ker [pi1]B
(where pi1 and pi2 denote the projections from the kernel pair R[f ] of f):
[f ]1,B = K[[pi1]B]
ker [pi1]B//

[R[f ]]B
κR[f]

[pi1]B //
[pi2]B
// [A]B
κA

K[pi1]
ker (pi1)
// R[f ]
pi1 //
pi2
// A
In Section 3, we proved that, for any torsion-free subcategory F of a homolo-
gical category A with protoadditive reflector F : A → F , the normal extensions
with respect to ΓF are exactly the effective descent morphisms f : A → B such
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that K[f ] ∈ F . As shown in [28] one has the same characterisation for the normal
extensions with respect to Γ(B,N ), where B is a Birkhoff subcategory of a semi-
abelian category A with protoadditive reflector I : A → B. It turns out that the
protoadditivity of I is also necessary for this to be true, as soon as B satisfies
condition (N): for any normal epimorphism f : A → B in A, the induced mono-
morphism ker (f) ◦ κK[f ] : [K[f ]]B → A is normal. More precisely, we have the
following proposition:
Proposition 5.4. For a Birkhoff subcategory B of a semi-abelian category A, the
following conditions are equivalent:
(1) the reflector I : A → B is protoadditive;
(2) the associated radical [·]B : A → A is protoadditive;
(3) (a) for any normal epimorphism f : A → B, the induced monomorphism
[K[f ]]B → A is normal;
(b) the normal extensions are precisely the normal epimorphisms f with
K[f ] ∈ B;
(4) (a) for any normal epimorphism f : A → B, the induced monomorphism
[K[f ]]B → A is normal;
(b) for any normal epimorphism f : A→ B, the reflection in NExt(B,N )(A)
is given by the induced morphism f : A/[K[f ]]B → B.
Proof. The equivalence (1)⇔ (2) follows from Proposition 2.3, and the implication
(1) ⇒ (3a) from Lemma 2.9. For (1) ⇒ (3b) it suffices to note that the proof of
Proposition 3.3 remains valid.
To see that the implication (3) ⇒ (4b) holds, consider a normal epimorphism
f : A→ B. By the “double quotient” isomorphism theorem (see Theorem 4.3.10 in
[4]), the kernel of the induced morphism f : A/[K[f ]]B → B is K[f ]/[K[f ]]B, which
lies in B, hence f is a normal extension.
To see that f is the reflection of f in NExt(B,N )(A), consider a normal extension
g : C → D and a morphism (a, b) : f → g of normal epimorphisms. We need to
show that there is a (unique) morphism a such that the diagram
A
GF ED
a

//
f

A
[K[f ]]B
f

a // C
g

B B
b
// D.
commutes. For this, it suffices to note that there is a commutative square
[K[f ]]B //
ker (f)◦κK[f]

[K[g]]B
ker (g)◦κK[g]

A a
// C
and that [K[g]]B = 0 because g is a normal extension, so that a◦ker (f)◦κK[f ] = 0.
(4)⇒ (1) Consider a split short exact sequence
(K) 0 // K
k // A
f
// B
soo // 0
PROTOADDITIVE FUNCTORS, DERIVED TORSION THEORIES AND HOMOLOGY 37
in A, and the induced diagram
[K]B
κK[f]

[ker (pi1)]B // [R[f ]]B
[pi1]B //
[pi2]B
//
κR[f]

[A]B
κA

[f ]B
// [B]B
κB

[s]Boo
K
ker (pi1)
// R[f ]
pi1 //
pi2
// A
f
// B
soo
obtained by factorising k through the kernel pair R[f ] of f , and applying the radical
[·]B. The assumption says that [f ]1,B = [K]B so that [ker (pi1)]B is the kernel
of [pi1]B; it follows that [pi2]B ◦ [ker (pi1)]B is the normalisation of the equivalence
relation [R[f ]]B on [A]. Since the reflector I : A → B preserves kernel pairs of split
epimorphisms by Lemma 5.2, one concludes that the functor [·]B : A → A preserves
the split short exact sequence (K). 
Remark 5.5. Note that conditions (3a) and (4a) say that for any normal mono-
morphism k : K → A the composite k ◦κK is a normal monomorphism as well, and
we could equivalently have written “any morphism” instead of “any normal epi-
morphism” in the statement of these conditions. The reason we stated it the way
we did is that, as we shall explain below, the proposition can be “relativised”—in
such a way that it depends on a choice of class E of morphisms in A satisfying
Conditions 4.4—and in the relative version, the morphism [K[f ]]B → A might not
be defined if f is not in E .
Remark 5.6. Proposition 5.4 shows, in particular, that it is meaningful to consider
the conditions (P ) and (N) from the previous sections beyond the context of torsion
theories.
Remark 5.7. Let (E,M) be the reflective (pre)factorisation system associated with
a Birkhoff subcategory B of a semi-abelian category A, and let E′ and M∗ be the
induced classes of morphisms “stably in E” and “locally in M”, respectively, as
considered in Section 3. Then (E′,M∗) need not be a (pre)factorisation system in
general. In fact, normal extensions fail to be stable under composition, even if the
reflector I : A → B is protoadditive, in contrast to the normal extensions associated
with a torsion theory satisfying condition (P ), which we discussed in Section 3. For
instance, let A = Ab be the variety of abelian groups, and B = B2 the Burnside
variety of exponent 2 (B2 consists of all abelian groups A such that a + a = 0 for
every a ∈ A). Then the reflector Ab → B2 is additive, but the composite of two
normal extensions need not be normal: if we denote by Cn the cyclic group of order
n, then the unique map C2 → 0 is a normal extension, as is the only non-trivial
morphism C4 → C2. However, the composite C4 → 0 is not.
Note that the composite g◦f : A→ B → C of two normal extensions is a normal
extension as soon as [g ◦ f ]1,B is B-perfect, i.e. I([g ◦ f ]1,B) = 0. Indeed, if q is
the canonical normal epimorphism A → A/[g ◦ f ]1,B, then the assumption that
I([g ◦ f ]1,B) = 0 implies that q lies in E, since I preserves cokernels. In fact, we
have that q lies in E′, since pulling back yields isomorphic kernels, and preserves
normal epimorphisms. From [20] we recall that M∗ ⊆ (E′)↓ which is easily seen
to imply that also composites of morphisms in M∗ lie in (E′)↓. In particular, we
have that q ↓ (g ◦ f), since, by assumption, we have that f and g lie in M∗. As
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g◦f = I1(g◦f)◦q, it follows that q is a split monomorphism, hence an isomorphism,
and we can conclude that g ◦ f is a normal extension.
Recall from [27, 30] that the notion of Birkhoff subcategory can be “relativised”
as follows. Let E be a class of morphisms in a semi-abelian category A satisfying
Conditions 4.4, and B a reflective subcategory of the category AE . Denote by
I : AE → B the reflector, by H : B → AE the inclusion functor, and write η for
the unit of the reflection. Then B is called a strongly E-Birkhoff subcategory of
AE if the square (J) is a double E-extension for any E-extension f : A → B. This
determines an admissible Galois structure Γ(B,E) = (AE ,B, I,H, E) with respect
to which the central and normal extensions coincide, just as in the “absolute”
case. The full subcategory of ExtE(A) of all normal E-extensions with respect to
Γ(B,E)—denoted NExt(B,E)(A)—is reflective in ExtE(A), and the construction of the
reflector I1 : ExtE(A) → NExt(B,E)(A) is formally the same as in the “absolute”
case. NExt(B,E)(A) is, in fact, a strongly E
1-Birkhoff subcategory of ExtE(A) =
(Arr(A))E1 , where E
1 denotes, as before, the class of double E-extensions. This fact
allows us to define double normal E-extensions (with respect to Γ(B,E)) as those
double E-extensions that are normal with respect to the Galois structure Γ(B1,E1),
where B1 = NExt(B,E)(A), and then to define three-fold normal E-extensions, and
so on. For each n ≥ 1, we use the notation Γn(B,E) for the induced Galois structure
(ExtnE(A),Bn, In, Hn, E
n), where
Bn = NExt(Bn−1,En−1)(Arr
n−1(A)) = NExtn(B,E)(A).
Similar to the case n = 1, for n ≥ 2 and any n-fold E-extension A, we write ηnA : A→
In(A) for the reflection unit, and κ
n
A : [A]n,B → Atop for the morphism in A which
appears as the “top” morphism in the diagram of the kernel ker (ηnA) : K[η
n
A]→ A.
Note that we have that ιn[A]n,B = K[η
n
A], where the functor ι
n : A → Arrn(A) is
as in Section 4.
We refer the reader to the articles [27, 30] for more details, and proofs of the
statements above.
Replacing “A” by “AE” and “normal epimorphism” by “E-extension” in Lemma
5.2 and Proposition 5.4 provides us with relative versions of these results. One
easily verifies that the proofs remain valid. We obtain, in particular, for each
n ≥ 1, a characterisation of the n-fold normal extensions with respect to Γ(B,N ), if
the reflector I is protoadditive. Indeed, in this case also the In are protoadditive.
In fact, we have:
Lemma 5.8. I : AE → B is protoadditive if and only if I1 : ExtE(A)→ NExt(B,E)(A)
is protoadditive.
Proof. The “only if” part of this lemma has already been considered in [28]: it
essentially follows from the implications (1) ⇒ (2) and (1) ⇒ (4) in the “relat-
ive version” of Proposition 5.4, and the 3 × 3 lemma. Now, suppose that I1 is
protoadditive. Since, by the “relative version” of Lemma 5.2, I : AE → B pre-
serves, for A ∈ AE , the product A × A, it follows from the construction of I1
that I1(A → 0) = I(A) → 0. It is then immediate to conclude that also I is
protoadditive. 
We are now in a position to prove the following theorem. As before, we write
N for the class of normal epimorphisms in A. If A is an n-fold N -extension, the
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“initial ribs” in the diagram of A are denoted ai (1 ≤ i ≤ n), and its “top vertex”
(the domain of the morphisms ai) Atop.
Theorem 5.9. For a Birkhoff subcategory B of a semi-abelian category A, the
following conditions are equivalent:
(1) the reflector I : A → B is protoadditive;
(2) the associated radical [·]B : A → A is protoadditive;
(3) the following conditions hold for any n ≥ 1:
(a) the canonical monomorphism [
⋂
1≤i≤nK[ai]]B → Atop is normal for
any n-fold N -extension A;
(b) the n-fold normal extensions are precisely the n-fold N -extensions A
with
⋂
1≤i≤nK[ai] ∈ B;
(4) the following conditions hold for any n ≥ 1:
(a) the canonical monomorphism [
⋂
1≤i≤nK[ai]]B → Atop is normal for
any n-fold N -extension A;
(b) for any n-fold N -extension A, the reflection in NExtn(B,N )(A) is given
by the quotient A/ιn[
⋂
1≤i≤nK[ai]]B;
(5) either (3) or (4) holds for some n ≥ 1.
Proof. (1)⇔ (2) was proved in Proposition 5.4.
To see that (5) implies (1), we note that Ik preserves binary products, for any
k ≥ 0, by the “relative version” of Lemma 5.2. Taking this into account, we see
from the construction of In that In(ι
nA) = ιnI(A), for any n ≥ 1 and any n-fold
N -extension A, so that the validity of conditions (a) and (b) for some n ≥ 1 implies
that for n = 1. Proposition 5.4 then implies that I is protoadditive.
The other implications follow easily by induction on n, using Proposition 5.4 and
its “relative version”, and Lemma 5.8. 
6. Composition of Birkhoff and protoadditive reflections
We have seen in Section 4 that a torsion theory (T ,F) on a homological category
A satisfying conditions (P ) and (N) induces a chain of torsion theories (Tn,Fn)
on the categories ExtnN (A) of n-fold N -extensions such that, for each n ≥ 1, the
torsion-free subcategory Fn consists of all n-fold N -extensions that are normal
extensions with respect to the Galois structure ΓFn−1 associated with the torsion
theory (Tn−1,Fn−1). Moreover, an n-fold N -extension A with “initial ribs” ai
(1 ≤ i ≤ n) is normal if and only if the intersection
⋂
1≤i≤nK[ai] lies in F .
Similarly, a Birkhoff subcategory B of a semi-abelian category A induces a chain
of “strongly Nn-Birkhoff subcategories” Bn of the categories Ext
n
N (A), where, for
each n ≥ 1, Nn denotes the class of all (n+1)-fold N -extensions. Moreover, in the
case where the reflector I : A → B is protoadditive, the n-fold normal (=central)
extensions admit the same simple description as in the example of a torsion theory
satisfying (P ) and (N), as we have explained in Section 5.
In general, it is not always easy to characterise the n-fold normal extensions
(for n ≥ 1) with respect to a particular Birkhoff subcategory. However, we are
going to show that the problem can sometimes be simplified by decomposing the
considered adjunction into a pair of adjunctions such that one of the reflectors
is protoadditive. We shall explain this in the present section. In fact, we shall
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consider, more generally, composite adjunctions
(L) A ⊥
I //
B
H
oo ⊥
J //
C
G
oo
where A is semi-abelian, B a Birkhoff subcategory of A, and where C can be any
(normal epi)-reflective subcategory of B, admissible with respect to N , with a pro-
toadditive reflector (but not necessarily Birkhoff). As we shall see, such a situation
induces a chain of Galois structures of higher normal extensions such that, for
n ≥ 1, an n-fold N -extension A in A is normal with respect to Γ(C,N ) if and only
if it is normal with respect to Γ(B,N ) and the intersection
⋂
1≤i≤nK[ai] lies in C.
Here we have written, as before, ai for the “initial ribs” of A.
First, we consider the one-dimensional case (see also [25]):
Proposition 6.1. Consider the composite reflection (L) where A is a semi-abelian
category, B a Birkhoff subcategory of A and C a (normal epi)-reflective subcategory
of B, admissible with respect to normal epimorphisms, with protoadditive reflector J .
Then the composite reflector J ◦I is admissible with respect to normal epimorphisms
and, for any normal epimorphism f : A → B in A, the following conditions are
equivalent:
(1) f : A→ B is a normal extension with respect to Γ(C,N );
(2) f : A→ B is a central extension with respect to Γ(C,N );
(3) K[f ] ∈ C and f : A→ B is a Γ(B,N )-normal extension.
Proof. The admissibility of J ◦ I is clear, while the implication (1)⇒ (2) holds by
definition.
(2) ⇒ (3) Let p : E → B be an normal epimorphism such that p∗(f) is Γ(C,N )-
trivial. Then in the following commutative diagram the composite of the left hand
pointing squares is a pullback (here η and µ are the reflection units):
JI(E ×B A)
JI(p∗(f))

I(E ×B A)
I(p∗(f))

µI(E×BA)oo E ×B A
p∗(f)

ηE×BAoo // A
f

JI(E) I(E)
µI(E)
oo EηE
oo
p
// B
This implies, on the one hand, that p∗(f) and ηE×BA are jointly monomorphic, and,
consequently, that the middle square is a pullback, since it is a double N -extension,
because B is a Birkhoff subcategory of A. Hence, f is a Γ(B,N )-central extension,
and we know that, with respect to a Birkhoff subcategory, the central and normal
extensions coincide [41]. On the other hand, since also the right hand square is a
pullback, we have isomorphisms
K[JI(p∗(f))] ∼= K[p∗(f)] ∼= K[f ],
so that K[f ] ∈ C, since C, being a reflective subcategory, is closed under limits in
A.
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(3)⇒ (1) Now let f : A→ B be a normal epimorphism satisfying (3). Consider
the commutative diagram
R[f ]
pi1

ηR[f] // I(R[f ])
I(pi1)

µI(R[f]) // JI(R[f ])
JI(pi1)

A ηA
// I(A)
µI(A)
// JI(A)
where pi1 is the first projection of the kernel pair of f . By assumption, its left hand
square is a pullback. Consequently, there is an isomorphism K[pi1] ∼= K[I(pi1)], so
that K[I(pi1)] lies in C because K[pi1] ∼= K[f ] lies in C, by assumption. Since the
reflector J is protoadditive and the category A is protomodular, this implies that
also the right hand square is a pullback. 
We continue with a higher dimensional version of this result. For this, let us
first of all remark that Proposition 6.1 can be “relativised” with respect to a class
E of morphisms in the semi-abelian category A satisfying Conditions 4.4. More
precisely, if we have a composite adjunction
(M) AE ⊥
I //
B
H
oo ⊥
J //
C
G
oo
with B a strongly E-Birkhoff subcategory of AE and C a full E-reflective subcat-
egory of B, admissible with respect to E , with protoadditive reflector J , then an
E-extension f : A → B is normal with respect to Γ(C,E) = (AE , C, J ◦ I,H ◦ G, E)
if and only if it is a Γ(C,E)-central extension if and only if K[f ] ∈ C and f is
a Γ(B,E)-normal extension. We leave it to the reader to verify that the proof of
Proposition 6.1 remains valid under our assumptions.
Now let us consider a composite reflection (M) satisfying the conditions above.
Write η and µ for the units of the reflections I and J , respectively, and [−]C : AE →
AE for the radical induced by the E-reflection J ◦I. We have the following property:
Lemma 6.2. For any Γ(B,E)-normal extension f : A → B, the monomorphism
ker (f) ◦ ker (µ ◦ η)K[f ] : [K[f ]]C → A is normal.
Proof. First of all note that the radical [−]C : AE → AE is well-defined since, for
any object A of AE , the unit (µ ◦ η)A : A → JI(A) is an E-extension, so that its
kernel lies indeed in AE .
Now consider the short exact sequence
0 // K[f ]
ker (pi1)// R[f ]
pi1 // A // 0
where pi1 denotes the first projection of the kernel pair of f . It is preserved by I since
pi1 is a trivial extension and ηK[f ] : K[f ] → I(K[f ]) an isomorphism. Hence, it is
preserved by J ◦ I since J is protoadditive. In particular, we have that JI(ker (pi1))
is a monomorphism, so that the left hand square in the morphism
0 // [K[f ]]C

// K[f ]
ker (pi1)

// JI(K[f ])
JI(ker (pi1))

// 0
0 // [R[f ]]C // R[f ] // JI(R[f ]) // 0
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of short exact sequences is a pullback. It follows that the monomorphism ker (pi1) ◦
ker ((µ◦η)K[f ]) is normal. Hence, so is its normal image along the second projection
pi2 : R[f ]→ A of the kernel pair of f , and this is exactly the monomorphism ker (f)◦
ker (µ ◦ η)K[f ] : [K[f ]]C → A. 
The above lemma, together with the “relative” version of Proposition 6.1, now
allows us to prove that the pair of reflections (M) induces a pair of reflections “at
the level of extensions”, in the following sense:
Lemma 6.3. The pair of reflections (M) induces new reflections
ExtE(A)
I1 //
⊥ NExt(B,E)(A) ⊥oo
J1 //
NExt(C,E)(A)oo
where NExt(B,E)(A) is a strongly E
1-Birkhoff subcategory of ExtE(A) with reflector
I1 and NExt(C,E)(A) is an E
1-reflective subcategory of NExt(C,E)(A), admissible with
respect to the class of E1-extensions in NExt(B,E)(A), with protoadditive reflector J1.
We have that J1 sends a Γ(B,E)-normal extension f : A→ B to the induced Γ(C,E)-
normal extension J1(f) : A/[K[f ]]C → B.
Proof. We already know that NExt(B,E)(A) is a strongly E
1-Birkhoff subcategory of
ExtE(A). Let us then prove, for any Γ(B,E)-normal extension f : A → B, that the
induced E-extension J1(f) : A/[K[f ]]C → B is indeed its reflection in NExt(C,E)(A).
(Note that the monomorphism [K[f ]]C → A is normal, by Lemma 6.2.)
On the one hand we have that J1(f) is a Γ(C,E)-normal extension sinceK[J1(f)] =
K[f ]/[K[f ]C = J(K[f ]) by the “double quotient” isomorphism theorem, and be-
cause the reflector F : B → C is protoadditive, by assumption. On the other hand,
if g : C → D is a Γ(C,E)-normal extension as well, and (a, b) : f → g is a morphism
of E-extensions, there exists a (unique) morphism a such that the diagram
A
GF ED
a

//
f

A
[K[f ]]C
J1(f)

a //C
g

B B
b
//D
commutes. Indeed, it suffices to note that there is a commutative square
[K[f ]]C //

[K[g]]C

A a
// C
and that [K[g]]C = 0. It follows that NExt(C,E)(A) is a reflective subcategory of
NExt(B,E)(A) with reflector J1. Since, for any C-normal extension f : A → B, the
reflection unit
A //
f

A
[K[f ]]C

B B
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is clearly a double E-extension, NExt(C,E)(A) is an E
1-reflective subcategory of
NExt(B,E)(A).
Next we prove that the reflector J1 is protoadditive. To this end we consider a
split short exact sequence
0 // K1 //
k

A1 //
a

B1
b

//oo 0
0 // K0 // A0 // B0 //
oo
0
in NExt(B,E)(A) and we note that both rows are split short exact sequences in A.
By taking kernels vertically and then applying the radical [−]C : AE → AE , whose
restriction to B → B is protoadditive by Proposition 2.3, we obtain a split short
exact sequence which is the first row in the diagram
0 // [K[k]]C //

[K[a]]C

// [K[b]]C

oo // 0
0 // K1 //

A1

// B1

oo // 0
0 //
K1
[K[k]]C
// A1
[K[a]]C //
B1
[K[b]]C
oo // 0
Since also the second row is split exact, by assumption, the third row is a split
short exact sequence as well, by the 3× 3 lemma. If follows that the reflector J1 is
protoadditive, and this completes the proof.
Finally, we prove that the reflector J1 is admissible. For this, we consider a
pullback
D

// B
P
p
>>~~~~~~~
//

A
f
;;xxxxxxxxx

D // B
C
g
@@
// A
[K[f ]]C
J1(f)
<<zzzzzzzz
in NExt(B,E)(A) of a reflection unit f → J1(f) along some double E-extension
g → J1(f), and we assume that g ∈ NExt(C,E)(A). Notice that it is a pointwise
pullback in A. We have to prove that its image in NExt(C,E)(A) by J1 is still
a pullback. Since the reflection unit f → J1(f) is sent to an isomorphism, this
amounts to proving that J1(p) → J1(g) is an isomorphism as well. For this it
suffices to show that the morphism P/[K[p]]C → C/[K[g]]C is an isomorphism.
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Now, by taking kernels in the cube above, we obtain a pullback
K[p] //

K[f ]

K[g] // J(K[f ])
in B. Note that the object in the right hand lower corner is indeed J(K[f ]) =
K[f ]/[K[f ]]C by the “double quotient” isomorphism theorem, and that K[g] ∈ C
because g ∈ NExt(C,E)(A), by assumption. Moreover, we have that K[g]→ J(K[f ])
is an E-extension, by Condition 4.4.5 for the class E1. Consequently, using the
admissibility of J , we find that the image by J of the above square is a pullback in
C, which implies that J(K[p])→ J(K[g]) is an isomorphism. It follows that in the
diagram
0 // [K[p]]C //

K[p] //

J(K[p]) // 0
0 // [K[g]]C // K[g] // J(K[g]) // 0
of short exact sequences in B, the left hand square is a pullback. Since, of course,
also
K[p] //

P

K[g] // C
is a pullback, we have that the left hand square in the diagram
0 // [K[p]]C //

P //

P
[K[p]]C

// 0
0 // [K[g]]C // C //
C
[K[g]]C
// 0
of short exact sequences in A is a pullback, and this implies that the E-extension
P/[K[p]]C → C/[K[g]]C is a monomorphism (in A), hence an isomorphism. 
Thanks to this lemma, we can repeatedly apply the “relative” version of Pro-
position 6.1, and we obtain:
Theorem 6.4. Let A be a semi-abelian category, B a Birkhoff subcategory of A,
and C a (normal epi)-reflective subcategory, admissible with respect to normal epi-
morphisms, such that the reflector J : B → C is protoadditive. Then, for any n ≥ 1
and any n-fold N -extension A in A, the following conditions are equivalent:
(1) A is an n-fold normal extension with respect to Γ(C,N );
(2) A is an n-fold central extension with respect to Γ(C,N );
(3)
⋂
1≤i≤nK[ai] ∈ C and A is an n-fold normal extension with respect to Γ(B,N ).
We are mainly interested in the situation where, in the composite reflection (L),
C is a Birkhoff subcategory of B, since in this case the construction of the composite
reflectors Jn ◦ In (n ≥ 1) obtained from Lemma 6.3 can be simplified, as we shall
see below. However, the case of a torsion-free C is of interest as well:
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Proposition 6.5. Let A be a semi-abelian category, B a Birkhoff subcategory of
A, and C a (normal epi)-reflective subcategory of B whose reflector F : B → C
is protoadditive. If C is a torsion-free subcategory of B, then, for each n ≥ 1,
NExtn(C,N )(A) is a torsion-free subcategory of NExt
n
(B,N )(A).
Proof. It suffices to prove, for any composite adjunction (M) with A semi-abelian,
E a class of morphisms in A satisfying Conditions 4.4, B a strongly E-Birkhoff
subcategory of A, and C an E-reflective subcategory of B which is torsion-free
and whose reflector is protoadditive, that NExt(C,E)(A) is a torsion-free subcat-
egory of NExt(B,E)(A). But this follows easily from the construction of the reflector
J1 : NExt(B,E)(A) → NExt(C,E)(A) given in Lemma 6.3, which shows us that the
associated radical [−]1,C : NExt(B,E)(A) → NExt(B,E)(A) sends a Γ(B,E)-normal ex-
tension f : A → B to the unique morphism [K[f ]]C → 0, so that we clearly have
that J1 is idempotent. By Theorem 1.6 the proof is then complete. 
From now on, let us assume that the category C in the composite adjunction
(L) is a Birkhoff subcategory of B. Since double N -extensions are stable under
composition, C is then also a Birkhoff subcategory of A. Theorem 6.4 gives us
a characterisation of the higher normal extensions with respect to Γ(C,N ), and
Lemma 6.3 shows us how the functors (J ◦ I)n are constructed. Using the following
lemma, we shall be able to simplify this construction, by giving a description of the
functors [−]n,C in terms of [−]n,B and [−]C (n ≥ 1).
Note that, in a semi-abelian category A, any two normal subobjectsM → A and
N → A admit a supremum (in the lattice of normal subobjects of A) which can
be obtained as the kernel of the “diagonal” A → P ∼= A/(M ∨N) in the pushout
diagram
A //

A/N

A/M // P.
Any subobject S → A admits a normal closure S
A
→ A obtained as the kernel of
the cokernel of S → A.
Lemma 6.6. Let E be a class of morphisms in a semi-abelian category A satisfying
Conditions 4.4, and B and C strongly E-Birkhoff subcategories of AE such that
C ⊆ B. If the comparison reflector B → C is protoadditive, then we have, for any
E-extension f : A→ B, the identity
[f ]1,C = [f ]1,B ∨ [K[f ]]
A
C .
Proof. We know from the proof of Lemma 6.3 that the reflection in NExt(C,E)(A)
of an E-extension f : A→ B is given by the induced E-extension
(N) J1 ◦ I1(f) = J1(A/[f ]1,B → B) =
A/[f ]1,B
[K[f ]/[f ]1,B]C
→ B
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(Notice that K[f ]/[f ]1,B is indeed the kernel of A/[f ]1,B → B by the “double quo-
tient” isomorphism theorem.) Now consider the following commutative diagram:
[K[f ]]C //
&&LL
LL
LL
LL
LL
LL
[K[f ]]
A
C
//

A //

A/[K[f ]]
A
C

[K[f ]/[f ]1,B]C // A/[f ]1,B // A/([f ]1,B ∨ [K[f ]]
A
C )
Since the canonical morphism K[f ] → K[f ]/[f ]1,B is an E-extension, and C is a
strongly E-Birkhoff subcategory of AE , we have that the skew morphism in the
diagram is an E-extension as well, which implies that [K[f ]]
A
C → [K[f ]/[f ]1,B]C is
an epimorphism. Since the right hand square is a pushout, this shows us that,
in the bottom row, the right hand morphism is the cokernel of the left hand one,
which is a normal monomorphism by Lemma 6.2. Together with (N), this yields
the needed identity. 
By repeatedly applying the previous lemma, we find, for any n-fold N -extension
A with “top” object Atop and “initial ribs” ai (1 ≤ i ≤ n), that
[A]n,C = [A]n,B ∨ [K[A]]
Atop
n−1,C
= [A]n,B ∨ [K[A]]
Atop
n−1,B ∨ [K[K[A]]]
Atop
n−2,C
= [A]n,B ∨ [K[K[A]]]
Atop
n−2,C
= · · ·
= [A]n,B ∨
[ ⋂
1≤i≤n
K[ai]
]
C
Atop
Here we used the fact that taking joins commutes with taking normal closures,
and that [K[A]]n−1,B ⊆ [A]n,B (as well as [K[K[A]]]n−2,B ⊆ [K[A]]n−1,B , and so
on), which follows easily, for instance from the previous lemma, by taking the two
reflective subcategories B and C to be the same.
Thus we have proved the following theorem:
Theorem 6.7. Consider the composite adjunction (L) where A is a semi-abelian
category, B a Birkhoff subcategory of A and C a Birkhoff subcategory of B (hence,
also of A) such that the reflector J : B → C is protoadditive. Then, for any n ≥ 1
and n-fold N -extension A in A with “initial ribs ai” (1 ≤ i ≤ n), we have the
identity
[A]n,C = [A]n,B ∨
[ ⋂
1≤i≤n
K[ai]
]
C
Atop
The formula given by the above theorem can be further simplified in the following
situation. Let B and B′ be Birkhoff subcategories of a semi-abelian category A such
that either of the reflectors is protoadditive—say the reflector I ′ : A → B′. In this
case, the restriction of this reflector to a functor B → B∩B′ is protoadditive as well,
so that if we put C = B ∩ B′, we are indeed in the situation of Theorem 6.7. We
will obtain a simplified description of the functors [−]n,B∩B′ : Ext
n
N (A)→ Ext
n
N (A)
(n ≥ 0) from the next lemma together with Theorem 5.9. The latter tells us that
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[A]n,B′ = [
⋂
1≤i≤nK[a1]]B′ for any n ≥ 1 and any n-fold N -extension A in A with
“initial ribs ai” (1 ≤ i ≤ n).
Lemma 6.8. Let E be a class of morphisms in a semi-abelian category A satisfying
Conditions 4.4, and B and B′ strongly E-Birkhoff subcategories of AE . Then
NExt(B∩B′,E)(A) = NExt(B,E)(A) ∩ NExt(B′,E)(A)
and
[A]B∩B′ = [A]n,B ∨ [A]n,B′ .
Proof. For any E-extension f : A → B, consider the following commutative cube,
where pi1 is the first projection of the kernel pair of f :
I ′(R[f ])

// I ′(I(R[f ]))

R[f ]
::uuuuuuuu
//
pi1

I(R[f ])
88ppppppppp

I ′(A) // I ′(I(A))
A
::uuuuuuuuu // I(A)
88ppppppppp
When f ∈ NExt(B∩B′,E)(A), the composite of the front and the right side squares is
a pullback. Since the front square is a double E-extension by the strong E-Birkhoff
property of B, this implies that it is a pullback, hence f ∈ NExt(B,E)(A). Similarly,
one shows that f ∈ NExt(B′,E)(A).
Conversely, if f is both Γ(B,E)-normal and Γ(B′,E)-normal, then the left hand and
the front squares are pullbacks, and then also the right hand and back ones, since
both I and I ′ preserve pullbacks of split epimorphisms along E-extensions by the
“relative version” of Lemma 5.2. Hence, f ∈ NExt(B∩B′,E)(A).
The second part of the statement follows from the fact that, for any A in AE ,
the following square is a pushout in A, since B and B′ are Birkhoff subcategories
of AE ,
A //

I ′(A)

I(A) // I ′(I(A)),
which implies that I ′(I(A)) = A/([A]B ∨ [A]B′ ). 
Theorem 6.9. Let B and B′ be Birkhoff subcategories of a semi-abelian category
A such that the reflector I ′ : A → B′ is protoadditive. Then, for any n ≥ 1 and any
n-fold N -extension A in A with “initial ribs ai” (1 ≤ i ≤ n), there is an identity
[A]n,B∩B′ = [A]n,B ∨ [
⋂
1≤i≤n
K[ai]]B′ .
The functors [−]n,C were used in [30] to define the Hopf formulae for homology.
Hence, the previous two theorems give us a simple description of the Hopf formulae:
we now recall their definition.
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As before, we consider a semi-abelian categoryA. By a projective presentation of
an object A ∈ A we mean a normal epimorphism p : P → A such that P is projective
with respect to normal epimorphisms: for any normal epimorphism f : B → C the
map HomA(P, f) : HomA(P,B)→ HomA(P,C) obtained by postcomposing with f
is surjective. We shall assume, from now on, that A has enough projectives, i.e. that
there exists a projective presentation of any object A ∈ A. As before, we consider
a Birkhoff subcategory B of A with reflector I : A → B. Then for an object A ∈ A
with projective presentation p : P → A the Hopf formula for the second homology
was defined in [31] as the quotient
(O)
[P ]B ∩K[p]
[p]1,B
As was shown in [31, 32] this object is independent, up to isomorphism, of the
chosen projective presentation of A and, when A is monadic over Set, is isomorphic
to the first Barr-Beck derived functor [2] of I in A for the associated comonad on
A. We shall denote the quotient (O) by H2(A,B).
Example 6.10. When A is the variety of groups and B the subvariety of abelian
groups, then the above defined “Hopf formula” coincides with the classical Hopf
formula for the second (integral) homology of a group A.
For n ≥ 1, an n-fold projective presentation of an object A ∈ A is an n-fold N -
extension P such that the “bottom vertex” in the diagram of P (an n-dimensional
cube in A) is A and all other “vertices” are projective objects. It is easily seen (see
[27]) that such an n-fold projective presentation exists for every object A as soon
as A has enough projectives. One defines (see [27, 30]) the Hopf formula for the
(n+ 1)st homology of A as the quotient
[Ptop]B ∩
⋂
1≤i≤nK[pi]
[P ]n,B
where Ptop denotes the projective object that appears as the “top vertex” in the
diagram of P , and the pi (1 ≤ i ≤ n) denote the “initial ribs”: the n morphisms
starting from Ptop. Once again, this quotient is independent, up to isomorphism,
of the choice of n-fold presentation P of A (see [27]), and when A is monadic over
Set, it is isomorphic to the first Barr-Beck derived functor [2] of I in A for the
associated comonad on A (see [30]). It will be denoted by Hn+1(A,B).
Corollary 6.11. With the same notations and assumptions as in Theorem 6.7, and
with the extra assumption that A has enough projectives, we have, for any object
A ∈ A and n ≥ 1, the identity
Hn+1(A, C) =
[Ptop]C ∩
⋂
1≥i≥nK[pi]
[P ]n,B ∨ [
⋂
1≤i≤nK[pi]]
Ptop
C
where P is an arbitrary n-fold presentation of A, with “top” object Ptop and “initial
ribs” pi (1 ≤ i ≤ n).
Corollary 6.12. With the same notations and assumptions as in Theorem 6.9, and
with the extra assumption that A has enough projectives, we have, for any object
A ∈ A and n ≥ 1, the identity
Hn+1(A,B ∩ B
′) =
([Ptop]B ∨ [Ptop]B′) ∩
⋂
1≥i≥nK[pi]
[P ]n,B ∨ [
⋂
1≤i≤nK[pi]]B′
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where P is an arbitrary n-fold presentation of A, with “top” object Ptop and “initial
ribs” pi (1 ≤ i ≤ n).
We conclude this section with some examples of situations where Theorems 6.7
and 6.9 and Corollaries 6.11 and 6.12 apply.
Groups with coefficients in abelian Burnside groups. An example of the
situation of Corollary 6.11 is provided by any abelian Birkhoff subcategory C of a
semi-abelian category A, by taking for B the category of abelian objects in A [15].
Indeed, in this case the reflector B → C is necessarily additive, hence protoadditive.
For instance, A could be the variety Gp of groups and C the Burnside subvariety
Bk of abelian groups of exponent k (k ≥ 1), which consists of all abelian groups A
such that ka = a+ · · ·+ a = 0 for every element a ∈ A:
Gp ⊥
ab //
Ab
H
oo ⊥
J //
Bk
G
oo
Let us denote, for any group A, the (normal) subgroup {ka|a ∈ A} by kA. Then
from Lemma 6.8 (with B = Ab and B′ the Burnside variety of arbitrary groups of
exponent k, not necessarily abelian) we infer that [A]Bk is the (internal) product
kA · [A,A] of kA with the (ordinary) commutator subgroup [A,A] of A. Since
we have, for any n ≥ 1, a description of the radical [−]n,Ab in terms of group
commutators (see [30]), Corollary 6.11 provides us with a description of the Hopf
formulae. For instance, for n = 1, we obtain, for any group A and projective
presentation p : P → A of A:
H2(A,Bk) =
(kP · [P, P ]) ∩K[p]
[K[p], P ] · kK[p]
,
where the symbol · denotes the usual product of subgroups. Note that kK[p]
is a normal subgroup of P , and that the product of normal subgroups gives the
supremum as normal subgroups, in this situation.
Semi-abelian compact algebras with coefficients in totally disconnected
compact algebras. Let T be a semi-abelian theory. By considering the abelian
objects in the semi-abelian category HCompT of compact (Hausdorff) algebras we
get the Birkhoff subcategory Ab(HCompT) of HCompT, called the category of abelian
compact algebras [5].
The abelianisation functor ab : HCompT → Ab(HCompT) sends an algebra A to
its quotient A/[A,A] by the (topological) closure [A,A] in A of the “algebraic”
commutator [A,A] computed in the semi-abelian variety SetT. We then have the
following Birkhoff reflection
(P) HCompT
ab //
Ab(HCompT)
V
⊥oo
where V is the inclusion functor. In general, the categorical commutator (in the
sense of Huq [37], see also [4]) of two normal closed subalgebras is simply given
by the (topological) closure of the “algebraic” commutator in the corresponding
category SetT of algebras:
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Lemma 6.13. Let h : H → A and k : K → A be two normal closed subalgebras of
a compact algebra A. Then the commutator of H and K is given by
[H,K]HCompT = [H,K]SetT .
Proof. By using the fact that the canonical morphism H +K → H ×K is an open
surjection, it is easy to see that any morphism ϕ : H ×K → A in the category SetT
such that ϕ ◦ (1H , 0) = h and ϕ ◦ (0, 1K) = k is also a morphism in the category
HCompT. We now show that the quotient q : A → A/[H,K]SetT is universal in
making H and K commute. On the one hand, since [H,K]SetT ⊆ [H,K]SetT , one
certainly has that q(H) and q(K) commute in SetT, hence in HCompT. On the
other hand, given any other quotient f : A → B in HCompT such that f(H) and
f(K) commute, we have that
f([H,K]SetT) ⊆ f [H,K]SetT = [f(H), f(K)]SetT = 0 = 0,
from which it follows that there is a unique a : A/[H,K]SetT → B such that a ◦ q =
f . 
We obtain an instance of the situation of Corollary 6.12 by choosing A to be the
category HCompT, B the category Ab(HCompT) of abelian compact algebras, and
B′ the category TotDisT of compact totally disconnected algebras. The intersection
B ∩ B′ in this case is the category Ab(TotDisT) of abelian totally disconnected
algebras. We know from Example 2.14.4 that the reflector HCompT → TotDisT
is protoadditive, and the category HCompT has enough regular projectives, since
it is monadic over the category of sets (see [50, 5]). Hence, we can indeed apply
Corollary 6.12: for instance, given a projective presentation p : P → A of a compact
algebra A, the second homology algebra H2(A,Ab(TotDis
T)) of A is given by:
H2(A,Ab(TotDis
T)) =
([P, P ] ∨ Γ0(P )) ∩K[p]
[K[p], P ] ∨ Γ0(K[p])
,
where we have used Lemma 6.13 to compute the denominator.
For some specific algebraic theories we can give a description of higher dimen-
sional homology objects via Hopf formulae. For instance, let T be the theory
of groups, so that A = Grp(HComp) is the category of compact groups, B =
Ab(HComp) the category of abelian compact groups, B′ the category of profinite
groups (since a topological group is totally disconnected and compact if and only if
it is profinite) and B ∩ B′ = Ab(Prof) the category of abelian profinite groups. We
can then consider a double projective presentation
F //

F/K1

F/K2 // G
of a semi-abelian compact group G, so that K1 and K2 are closed normal subgroups
of a free compact group F with the property that both F/K1 and F/K2 are free.
Then the third homology group of G with coefficients in Ab(Prof) is given by
H3(G,Ab(Prof)) =
([F, F ] · Γ0(F )) ∩K1 ∩K2
[K1,K2] · [K1 ∩K2, F ] · Γ0(K1 ∩K2)
,
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where the symbol · denotes the product of normal subgroups, and the closure is the
topological closure.
Internal groupoids with coefficients in abelian objects. Let A be a semi-
abelian category with enough regular projectives and Gpd(A) the category of in-
ternal groupoids in A. We obtain another instance of Corollary 6.12, by taking for
Birkhoff subcategories of Gpd(A) the category Ab(Gpd(A)) of abelian objects in
the category of groupoids in A and A (via the discrete functor D : A → Gpd(A)).
Their intersection is the category Ab(A) of abelian objects of A. We know from
Example 2.14.3 that the connected components functor pi0 : Gpd(A) → A is pro-
toadditive, and it was shown in [28] that the category Gpd(A) has enough regular
projectives whenever A has enough regular projectives. Hence, we can apply Co-
rollary 6.12 in this situation. For instance, let us consider a projective presentation
p = (p0, p1) : P → A
P1
p1 //
d

c

A1
d

c

P0 p0
//
OO
A0
OO
of an internal groupoid A = (A1, A0,m, d, c, i). We write [[P, P ]] for the internal
groupoid ([P1, P1], [P0, P0],m, d, c, i), where the arrows d, c and i are the restric-
tions of d, c and i to the largest commutators [P1, P1] and [P0, P0] of P1 and P0,
respectively, and m the induced groupoid composition. In other words, [[P, P ]] is
the kernel, in the category Gpd(A), of the quotient sending the groupoid P to a
reflexive graph in Ab(A), universally (recall from [47] that the category Ab(Gpd(A))
is isomorphic to the category of reflexive graphs in Ab(A)). Similar notation is used
for the groupoid [[K[p], P ]].
If we write Γ0(P ) and Γ0(K[p]) for the full subgroupoids of the connected com-
ponents of 0 in P and inK[p], respectively, then we can express the second homology
groupoid of A with coefficients in Ab(A) as the quotient
H2(A,Ab(A)) =
K[p] ∩ (Γ0(P ) ∨ [[P, P ]])
[[K[p], P ]] ∨ Γ0(K[p])
.
Note that ∨ indicates the supremum, as normal subobjects, in the category Gpd(A).
Now, let Gpdk(A) denote the category of k-fold internal groupoids in A, defined
inductively by Gpdk(A) = Gpd(Gpdk−1(A)). It is clear that, also for k ≥ 2, A is a
Birkhoff subcategory of Gpdk(A) with protoadditive reflector pi0 ◦ · · · ◦ pik0 ,
Gpdk(A)
pik0 //
Gpdk−1(A) · · · Gpd2(A)
Dk
⊥oo
pi20 //
Gpd(A)
pi0 //
D2
⊥oo A,
D
⊥oo
and that Gpdk(A) has enough regular projectives. Hence, Corollary 6.12 provides
us, for any k ≥ 1, with a description of the homology objects of k-fold internal
groupoids with coefficients in Ab(A) = A∩Ab(Gpdk(A)), similar to the one above.
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